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SKOLIAD No. 120Lily Yen and Mogens HansenPlease send your solutions to problems in this Skoliad by 1 May, 2010. A
opy of Crux will be sent to one pre-university reader who sends in solutionsbefore the deadline. The de
ision of the editors is �nal.

Our 
ontest thismonth is theMaritimeMathemati
s Competition, 2009.Our thanks go to David Horro
ks, University of Prin
e Edward Island, forproviding us with this 
ontest and for permission to publish it.Maritime Mathemati
s Competition 20092 hours allowed1. Two 
ars leave 
ity A at the same time. The �rst 
ar drives to 
ity B at
40 km/hr and then immediately returns to 
ity A at the same speed. These
ond 
ar drives to 
ity B at 60 km/hr and then returns to 
ity A at a 
on-stant speed, arriving at the same time as the �rst 
ar. What was the se
ond
ar's speed on its return trip?2. The perimeter of a regular hexagon H is identi
al to that of an equilateraltriangle T . Find the ratio of the area of H to the area of T .3. Some integers may be expressed as the sum of 
onse
utive odd positiveintegers. For example, 64 = 13 + 15 + 17 + 19. Is it possible to express
2009 as the sum of 
onse
utive odd positive integers? If so, �nd all su
hexpressions for 2009.4. The diagram shows three squares and angles x, y, and z. Find the sumof the angles x, y, and z.
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x y z5. Suppose that x1, x2, x3, x4, and x5 are real numbers satisfying the fol-lowing equations.
x1 + 4x2 + 9x3 + 16x4 + 25x5 = 1 ,

4x1 + 9x2 + 16x3 + 25x4 + 36x5 = 8 ,
9x1 + 16x2 + 25x3 + 36x4 + 49x5 = 23 .Find the value of x1 + x2 + x3 + x4 + x5.
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6. A math tea
her writes the equation x2 − Ax + B = 0 on the bla
kboardwhere A and B are positive integers and B has two digits. Suppose that astudent erroneously 
opies the equation by transposing the two digits of Bas well as the plus and minus signs. However, the student �nds that herequation shares a root, r, with the original equation. Determine all possiblevalues of A, B, and r.Con
ours de math �ematiques des Maritimes 2009Dur �ee : 2 heures1. Deux voitures quittent simultan �ement la ville A pour se rendre �a la villeBet revenir ensuite �a la ville A. La premi �ere voiture roule �a 40km/h pendanttout le trajet. La se
onde roule �a 60 km/h �a l'aller et �a une autre vitesse
onstante au retour. Si les deux voitures reviennent au point de d �epart enmême temps, quelle fut la vitesse de la se
onde voiture au retour ?2. Le p �erim �etre d'un hexagone r �egulier H est identique �a 
elui d'un triangle�equilat �eral T . Trouver le rapport de l'aire de H �a 
elle de T .3. Certains entiers s'expriment 
omme la somme d'entiers positifs impairs
ons �e
utifs. Par exemple, 64 = 13+15+17+19. Le nombre 2009 s'exprime-t-il sous 
ette forme ? Si oui, trouver toutes les expressions possibles de 2009sous 
ette forme.4. Dans le diagramme 
i-dessous on trouve trois 
arr �ees et trois angles x, y,et z. Trouver la somme des angles x, y, et z.
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x y z5. Soient x1, x2, x3, x4, et x5 des nombres r �eels satisfaisant aux �equationssuivantes.
x1 + 4x2 + 9x3 + 16x4 + 25x5 = 1 ,

4x1 + 9x2 + 16x3 + 25x4 + 36x5 = 8 ,
9x1 + 16x2 + 25x3 + 36x4 + 49x5 = 23 .�Evaluer x1 + x2 + x3 + x4 + x5.6. Un professeur �e
rit au tableau l' �equation x2−Ax+B = 0 o �u A et B sontdes entiers positifs et B est un nombre de deux 
hi�res. Une �etudiante, en
opiant l' �equation, transpose les deux 
hi�res de B et transpose �egalementles signes plus et moins. Malgr �e 
es erreurs, elle trouve que son �equationposs �ede une ra
ine, r, en 
ommun ave
 l' �equation 
orre
te. Trouver toutesles valeurs possibles de A, B, et r.
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Next we give solutions to the questions of the Math Kangaroo ContestPra
ti
e Set given at [2009 : 1-6℄.1. (Grades 3-4) In the addition example, ea
h letterrepresents a digit. Equal digits are represented by thesame letter. Di�erent digits are represented by di�er-ent letters. Whi
h digit does the letter K represent?

O K
+ K O
W O W(A) 0 (B) 1 (C) 2 (D) 8 (E) 9Solution by Gesine Geupel, student, Max Ernst Gymnasium, Br �uhl, NRW,Germany.The sum must be less than 200 sin
e 99 + 99 = 198. Thus, W = 1.Sin
e the sum in the unit 
olumn is di�erent from the sum in the tens 
olumn,the former must yield a 
arry. Thus K+O = 11. Trial and error now qui
klyreveals that O = 2 and K = 9.Also solved by ALISON TAM, student, Burnaby South Se
ondary S
hool, Burnaby, BC;CINDY CHEN, student, Burnaby North Se
ondary S
hool, Burnaby, BC; ELISA KUAN, student,Meadowridge S
hool, Maple Ridge, BC; IAN CHEN, student, Centennial Se
ondary S
hool,Coquitlam, BC; and LENA CHOI, student, �E
ole Banting Middle S
hool, Coquitlam, BC.Trial and error 
an be avoided: On
e K +O = 11 is known, the sum in the tens 
olumnis then 1 + O + K = 12, so O = 2 and, thus, K = 9.2. (Grades 5-6) Ten 
aterpillars, arranged in a row one behind another,walked in the park. The length of ea
h 
aterpillar was equal to 8 
m, andthe distan
e any two adja
ent 
aterpillars kept for safety reasons was 2 
m.What is the total length of their row?(A) 100 
m (B) 98 
m (C) 82 
m (D) 102 
m (E) 96 
mSolution by Gesine Geupel, student, Max Ernst Gymnasium, Br �uhl, NRW,Germany.Ten 
aterpillars and nine spa
es yields (10 × 8) + (9 × 2) = 98 
m.Also solved by ALISON TAM, student, Burnaby South Se
ondary S
hool, Burnaby, BC;CINDY CHEN, student, Burnaby North Se
ondary S
hool, Burnaby, BC; ELISA KUAN, student,Meadowridge S
hool, Maple Ridge, BC; IAN CHEN, student, Centennial Se
ondary S
hool,Coquitlam, BC; KEVIN LI, student, Pinetree Se
ondary S
hool, Coquitlam, BC; and LENA CHOI,student, �E
ole Banting Middle S
hool, Coquitlam, BC.3. (Grades 7-8) An ant is running along a rulerof length 10 
m with a 
onstant speed of 1 
mper se
ond (see the �gure). Any time whenthe ant rea
hes one of the ends of the ruler, it ..
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1 2 3 4 5 6 7 8 9turns ba
k and runs in the opposite dire
tion. It takes the ant exa
tly 1 se
-ond to make a turn. The ant starts from the left end of the ruler. Nearestwhi
h number will it be after 2009 se
onds?(A) 1 
m (B) 2 
m (C) 3 
m (D) 4 
m (E) 5 
m



420
Solution by Cindy Chen, student, BurnabyNorth Se
ondary S
hool, Burnaby,BC. Walking the length of the ruler and turning around takes the ant 11se
onds. Now 2009 = 182 · 11+7. After 182 · 11 se
onds, the ant will againbe at the left end of the ruler sin
e 182 is even. Thus, after 2009 se
onds,the ant will be at the 7 
m mark. The 
losest given number is then 5 
m.Also solved by IAN CHEN, student, Centennial Se
ondary S
hool, Coquitlam, BC.4. (Grades 9-10) Whi
h of the numbers 26, 35, 44, 53, 62 is the greatest?(A) 26 (B) 35 (C) 44 (D) 53 (E) 62Solution by Kevin Li, student, Pinetree Se
ondary S
hool, Coquitlam, BC.Sin
e 26 = 64, 35 = 243, 44 = 256, 53 = 125, and 62 = 36, the largest
learly is 44.Also solved by ALISON TAM, student, Burnaby South Se
ondary S
hool, Burnaby, BC;CINDY CHEN, student, Burnaby North Se
ondary S
hool, Burnaby, BC; ELISA KUAN, student,Meadowridge S
hool, Maple Ridge, BC; and LENA CHOI, student, �E
ole BantingMiddle S
hool,Coquitlam, BC.5. (Grades 11-12) A de
orator has prepared a mixed paint, in whi
h thevolumes of red and yellow 
olours were in the ratio 2 : 3. The resulting
olour seemed too light to him, so he added 2 L of red paint. This way, theratio of the volumes of the red and yellow 
olours 
hanged to 3 : 2. Howmany litres of paint did the de
orator use?(A) 5 L (B) 6 L (C) 7 L (D) 8 L (E) 9 LSolution by the editors.Say the original amounts of paint were 2x and 3x. Then the amount ofred in the �nal produ
t is 2x + 2 while the amount of yellow is 3x. Thus
2x + 2

3x
=

3

2
. Solving the equation yields x =

4

5
, so the total amount of paintis 2x + 2 + 3x = 5x + 2 = 6.6. (Grades 3-4) Two boys are playing tennis until one of them wins fourtimes. A tennis mat
h 
annot end in a draw. What is the greatest number ofgames they 
an play?(A) 8 (B) 7 (C) 6 (D) 5 (E) 9Solution by Alison Tam, student, Burnaby South Se
ondary S
hool, Burnaby,BC. They 
an play at most seven games; for example ABABABA.Also solved by CINDY CHEN, student, Burnaby North Se
ondary S
hool, Burnaby, BC;GESINE GEUPEL, student, Max Ernst Gymnasium, Br �uhl, NRW, Germany; KEVIN LI, student,Pinetree Se
ondary S
hool, Coquitlam, BC; LENA CHOI, student, �E
ole Banting Middle S
hool,Coquitlam, BC.
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7. (Grades 5-6) In two years, my son will be twi
e as old as he was two yearsago. In three years, my daughter will be three times as old as she was threeyears ago. Whi
h of the following best des
ribes the ages of the daughter andthe son?(A) The son is older; (B) The daughter is older; (C) They are twins;(D) The son is twi
e as old as the daughter;(E) The daughter is twi
e as old as the son.Solution by Gesine Geupel, student, Max Ernst Gymnasium, Br �uhl, NRW,Germany.One easily �nds that both 
hildren are six years old and therefore twins.Also solved by ALISON TAM, student, Burnaby South Se
ondary S
hool, Burnaby, BC;and LENA CHOI, student, �E
ole Banting Middle S
hool, Coquitlam, BC.To �nd the 
hildren's ages without resorting to guess-and-
he
k, say the son is now xyears old. Then two years ago he was x − 2 years old, and in two years he will be x + 2 yearsold. Thus 2(x − 2) = x + 2, whi
h yields that x = 6. Likewise for the daughter.8. (Grades 7-8) Some points are marked on a straight line so that all distan
es
1 
m, 2 
m, 3 
m, 4 
m, 5 
m, 6 
m, 7 
m, and 9 
m are among the distan
esbetween these points. At least how many points are marked on the line?(A) 4 (B) 5 (C) 6 (D) 7 (E) 8Solution by the editors.Only �4

2

�
= 4C2 =

4!

2! 2!
= 6 distan
es arepossible with four points. You need eight di�er-ent distan
es, so at least �ve points are needed.The diagram shows that �ve points are suÆ
ient. ..............................................................................................................................................................................................................................................................................................................................
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9. (Grades 9-10) Eva, Betty, Linda, and Cathy went to the 
inema. Sin
e itwas not possible to buy four seats next to ea
h other, they bought ti
kets forseats number 7 and 8 in the 10th row and ti
kets for seats number 3 and 4in the 12th row. How many seating arrangements 
an they 
hoose from, ifCathy does not want to sit next to Betty?(A) 24 (B) 20 (C) 16 (D) 12 (E) 8Solution Lena Choi, student, �E
ole Banting Middle S
hool, Coquitlam, BC.Cathy 
an sit with Linda and Eva with Betty in eight ways: CLEB,
CLBE, LCEB, LCBE, EBCL, EBLC, BECL, and BELC. Likewise,Cathy 
an sit with Betty and Eva with Linda in eight ways. That makes 16arrangements in all.Also solved by ALISON TAM, student, Burnaby South Se
ondary S
hool, Burnaby, BC;and CINDY CHEN, student, Burnaby North Se
ondary S
hool, Burnaby, BC.
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10. (Grades 11-12) Triangle ABC isisos
eles with BC = AC. The segments
DE, FG, HI, KL, MN , OP , and XYdivide the sides AC and CB into equalparts. Find XY , if AB = 40 
m.(A) 38 
m (B) 35 
m ..
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A B
X Y

O P
M N

K L
H I

F G
D E

C

(C) 33 
m (D) 30 
m (E) 27 
mSolution by Ian Chen, student, Centennial Se
ondary S
hool, Coquitlam, BC.From C and ea
h of the points on
AC and BC drop a line orthogonally onto
AB. Sin
e the points on AC and BC areequally spa
ed, the interse
tion points on
AB are also equally spa
ed. Thus
|AQ| = |BR| =

1

16
|AB| =

5

2
. Therefore,

|XY | = |QR| = 40 − 5

2
· 2 = 35. ..
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Q RAlso solved by CINDY CHEN, student, Burnaby North Se
ondary S
hool, Burnaby, BC;ELISA KUAN, student, Meadowridge S
hool, Maple Ridge, BC; and LENA CHOI, student, �E
oleBanting Middle S
hool, Coquitlam, BC.11. (Grades 3-4) Matt and Ni
k 
onstru
tedtwo buildings, shown in the �gures, using iden-ti
al 
ubes. Matt's building weighs 200 g, andNi
k's building weighs 600 g. How many 
ubesfrom Ni
k's building are hidden and 
annot beseen in the �gure?(A) 1 (B) 2 (C) 3(D) 4 (E) 5
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Matt'sbuildingSolution by Elisa Kuan, student, Meadowridge S
hool, Maple Ridge, BC.Matt's building is built from exa
tly �ve 
ubes, so ea
h 
ube weighs
1
5
(200 g) = 40 g. Therefore, Ni
k's building must 
onsist of 600 g/40 g = 15
ubes. Of these eleven are visible, so four are hidden.Also solved by ALISON TAM, student, Burnaby South Se
ondary S
hool, Burnaby, BC;CINDY CHEN, student, Burnaby North Se
ondary S
hool, Burnaby, BC; GESINE GEUPEL,student, Max Ernst Gymnasium, Br �uhl, NRW, Germany; IAN CHEN, student, CentennialSe
ondary S
hool, Coquitlam, BC; KEVIN LI, student, Pinetree Se
ondary S
hool, Coquitlam,BC; and LENA CHOI, student, �E
ole Banting Middle S
hool, Coquitlam, BC.12. (Grades 5-6) Consider all four-digit numbers divisible by 6 whose digitsare in in
reasing order, from left to right. What is the hundreds digit of thelargest su
h number?(A) 7 (B) 6 (C) 5 (D) 4 (E) 3



423
Solution by Gesine Geupel, student, Max Ernst Gymnasium, Br �uhl, NRW,Germany.For the number to be divisible by 6, its unit digit must be even so atmost 8. Therefore the thousands digit is at most 5. If the thousands digitis 5, the number must be 5678 whi
h is not divisible by 3 and so not by 6.If the thousands digit is 4, the unit digit must still be 8 for the number to beeven. Only the numbers 4568, 4578, and 4678 are like this. Of these only
4578 is divisible by 3 (and so by 6), so 4578 is the desired number.
13. (Grades 7-8) A square of side length 3 is dividedby several segments into polygons as shown in the �g-ure. What per
ent of the area of the original square isthe area of the shaded �gure?(A) 30% (B) 331

3
% (C) 35%(D) 40% (E) 50% ..
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Solution by the editors.Consider the portion of the diagram on the left.By the Pythagorean Theorem, we have |AC| =
√

10.Sin
e △ABC and △ADB are similar, |BD|
3

=
1√
10

,so |BD| =
3√
10

. Using the Pythagorean Theoremagain, |AD| =

Ê
32 −

�
3√
10

�2

=

É
81

10
=

9√
10

. Itfollows that △ABD has area 1

2
|AD| |BD| =

27

20
.
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Note that the white region in the original diagram is exa
tly four 
opiesof △ABD. Therefore, the area of the white region is 27

5
and the area of theshaded square is 32 − 27

5
=

18

5
, whi
h is 40% of the large square.14. (Grades 9-10) A boy always tells the truth on Thursdays and Fridays,always tells lies on Tuesdays, and tells either truth or lies on the rest of thedays of the week. Every day he was asked what his name was and six times ina row he gave the following answers: John, Bob, John, Bob, Pit, Bob. Whatdid he answer on the seventh day?(A) John (B) Bob (C) Pit (D) Kate(E) Not enough information to de
ideSolution by Ian Chen, student, Centennial Se
ondary S
hool, Coquitlam, BC.Sin
e the boy tells the truth on Thursdays and Fridays, he must give
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the same answer twi
e in a row. So far the boy has never answered the sametwi
e in a row, so his seventh answer must either be \Bob" to mat
h the sixthanswer or \John" to mat
h the �rst answer. If his seventh answer is \Bob",then the seventh day is a Friday, so the fourth day was a Tuesday on whi
hhe lied and said \Bob." This is a 
ontradi
tion. Thus the seventh answer is\John". The table below demonstrates that this is indeed possible.John Bob John Bob Pit Bob JohnFriday Saturday Sunday Monday Tuesday Wednesday Thursdaythe truth either either either a lie either the truthAlso solved by CINDY CHEN, student, Burnaby North Se
ondary S
hool, Burnaby, BC.15. (Grades 11-12) An equilateral triangle and a 
ir
le
M are ins
ribed in a 
ir
le K, as shown in the �gure.What is the ratio of the area of K to the area of M?(A) 8 : 1 (B) 10 : 1 (C) 12 : 1(D) 14 : 1 (E) 16 : 1
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Solution by Ian Chen, student, Centennial Se
ondary S
hool, Coquitlam, BC.Let O be the 
entre of the triangle and sup-pose that the 
ir
le K has radius 1 and, thus,area π. Sin
e the triangle is equilateral,
∠DAO=30◦, so |OD|= |AO| sin 30◦ =

1

2
andhen
e the diameter of 
ir
le M is 1

2
. There-fore, the area of the 
ir
le M is π

�
1

2

�2

=
π

16and the ratio of areas is 16 : 1.
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This issue's prize for the best solutions goes to Gesine Geupel, student,Max Ernst Gymnasium, Br �uhl, NRW, Germany. We hope that all our readersenjoy the 
hallenge of solving our problems and presenting their solutions toothers.
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MATHEMATICAL MAYHEMMathemati
al Mayhem began in 1988 as a Mathemati
al Journal for and byHigh S
hool and University Students. It 
ontinues, with the same emphasis,as an integral part of Crux Mathemati
orum with Mathemati
al Mayhem.The Mayhem Editor is Ian VanderBurgh (University of Waterloo). Theother sta� members are Monika Khbeis (As
ension of Our Lord Se
ondaryS
hool, Mississauga) and Eri
 Robert (Leo Hayes High S
hool, Frederi
ton).

Mayhem ProblemsPlease send your solutions to the problems in this edition by 1 February 2010.Solutions re
eived after this date will only be 
onsidered if there is time before pub-li
ation of the solutions. The Mayhem Sta� ask that ea
h solution be submitted ona separate page and that the solver's name and 
onta
t information be in
luded withea
h solution.Ea
h problem is given in English and Fren
h, the oÆ
ial languages of Canada.In issues 1, 3, 5, and 7, English will pre
ede Fren
h, and in issues 2, 4, 6, and 8,Fren
h will pre
ede English.The editor thanks Jean-Mar
 Terrier of the University of Montreal for transla-tions of the problems.
M407. Proposed by Neven Juri�
, Zagreb,Croatia.Determine whether or not the square atright 
an be 
ompleted to form a 4 × 4 magi
square using the integers from 1 to 16. (Ina magi
 square, the sums of the numbers inea
h row, in ea
h 
olumn, and in ea
h of thetwo main diagonals are all equal.) ...................................................................................................................................................................................................................................................................
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2 15 8

16 1 10

12

M408. Proposed by Ovidiu Furdui, Campia Turzii, Cluj, Romania.Determine all three-digit positive integers abc that satisfy the equation
abc = ab + bc + ca. (Here abc denotes the three-digit positive integer withhundreds digit a, tens digit b, and units digit c.)M409. Proposed by Bru
e Shawyer, Memorial University of Newfound-land, St. John's, NL and the Mayhem Sta�.The three altitudes of a triangle lie along the lines y = x, y = −2x+3,and x = 1. If one of the verti
es of the triangle is at (5, 5), determine the
oordinates of the other two verti
es.
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M410. Proposed byMatthew Babbitt, student, Albany AreaMath Cir
le,Fort Edward, NY, USA.A 
ube with edge length a, a regular tetrahedron with edge length b,and a regular o
tahedron with edge length c all have the same surfa
e area.Determine the value of √

bc

a
.M411. Proposed by Ne
ulai Stan
iu, George Emil Palade Se
ondaryS
hool, Buz�au, Romania.Triangle ABC has side lengths a, b, and c. If

2a + 3b + 4c = 4
√

2a − 2 + 6
p

3b − 3 + 8
√

4c − 4 − 20 ,prove that triangle ABC is right-angled.M412. Proposed by Edward T.H. Wang, Wilfrid Laurier University,Waterloo, ON.For a real number x, let ⌊x⌋ denote the greatest integer less than orequal to x, and let {x} = x−⌊x⌋ denote the fra
tional part of x. Determineall real numbers x for whi
h ⌊x⌋ · {x} = x..................................................................
M407. Propos �e par Neven Juri�
, Zagreb,Croatie.D �e
ider si oui ou non le 
arr �e 
i-
ontrepeut être 
ompl �et �e en un 
arr �e magique de
4×4 en utilisant les entiers de 1 �a 16. (Dans un
arr �e magique, les sommes des nombres dans
haque ligne, 
haque 
olonne et 
haque dia-gonale prin
ipale sont toutes �egales.) ...................................................................................................................................................................................................................................................................
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16 1 10

12

M408. Propos �e par Ovidiu Furdui, Campia Turzii, Cluj, Roumanie.Trouver tous les entiers positifs de trois 
hi�res abc satisfaisant l' �equation
abc = ab + bc + ca. (On d �esigne i
i par abc l'entier de trois 
hi�res dont le
hi�re des 
entaines est a, 
elui des dizaines b et 
elui des unit �es c.)M409. Propos �e par Bru
e Shawyer, Universit �e Memorial de Terre-Neuve,St. John's, NL et l' �Equipe de Mayhem.Les trois hauteurs d'un triangle sont sur les droites d' �equation y = x,
y = −2x+3, et x = 1. Si l'un des sommets du triangle a 
omme 
oordonn �ees
(5, 5), trouver 
elles des deux autres sommets.
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M410. Propos �e par Matthew Babbitt, �etudiant, Albany AreaMath Cir
le,Fort Edward, NY, �E-U.Un 
ube d'arête a, un t �etrah �edre r �egulier d'arête b et un o
tah �edrer �egulier d'arête c ont tous la même surfa
e. Trouver la valeur de √

bc

a
.M411. Propos �e par Ne
ulai Stan
iu, �E
ole se
ondaire George Emil Palade,Buz�au, Roumanie.Soit a, b et c les 
ôt �es du triangle ABC. Si

2a + 3b + 4c = 4
√

2a − 2 + 6
p

3b − 3 + 8
√

4c − 4 − 20 ,montrer que ABC est un triangle re
tangle.M412. Propos �e par Edward T.H. Wang, Universit �e Wilfrid Laurier, Water-loo, ON.Si x est un nombre r �eel, on d �esigne par ⌊x⌋ le plus grand entier pluspetit ou �egal �a x, et par {x} = x − ⌊x⌋ la partie fra
tionnaire de x. Trouvertous les nombres r �eels x pour lesquels ⌊x⌋ · {x} = x.
Mayhem Solutions

M376. Proposed by the Mayhem Sta�.Determine the value of x if �102009 + 25
�2 − �

102009 − 25
�2

= 10x.Solution by Edin Ajanovi
, student, First Bosniak High S
hool, Sarajevo,Bosnia and Herzegovina.Expanding, we have�
102009 + 25

�2 −
�
102009 − 25

�2
=

��
102009

�2
+ 2 · 25 · 102009 + 252

�
−
��

102009
�2 − 2 · 25 · 102009 + 252

�
= 4 · 25 · 102009

= 100 · 102009

= 102011 ,and so x = 2011.
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Alternatively, fa
toring the left side as a di�eren
e of squares, we have�

102009 + 25
�2 −

�
102009 − 25

�2
=

��
102009 + 25

�
−
�
102009 − 25

��
·
��

102009 + 25
�

+
�
102009 − 25

��
= 50 ·

�
2 · 102009

�
= 100 · 102009 = 102011 ,and so x = 2011, as above.Also solved by GEORGE APOSTOLOPOULOS, Messolonghi, Gree
e; MATTHEWBABBITT, student, Albany Area Math Cir
le, Fort Edward, NY, USA; LYLE BERSTEIN, stu-dent, Roslyn High S
hool, Roslyn, NY, USA; PAUL BRACKEN, University of Texas, Edinburg,TX, USA; CAO MINH QUANG, Nguyen Binh Khiem High S
hool, Vinh Long, Vietnam; JACLYNCHANG, student, Western Canada High S
hool, Calgary, AB; KATHERINE JANELL EYRE andEMILY HENDRYX, students, Angelo State University, San Angelo, TX, USA; ANTONIO GODOYTOHARIA, Madrid, Spain; RICHARD I. HESS, Ran
ho Palos Verdes, CA, USA; R. LAUMEN,Deurne, Belgium; HUGO LUYO S�ANCHEZ, Ponti�
ia Universidad Cat �oli
a del Peru, Lima, Peru;RICARD PEIR �O, IES \Abastos", Valen
ia, Spain; NECULAI STANCIU, George Emil PaladeSe
ondary S
hool, Buz�au, Romania; and JIXUAN WANG, student, Don Mills Collegiate Insti-tute, Toronto, ON.M377. Proposed by the Mayhem Sta�.An arithmeti
 sequen
e 
onsists of 9 positive integers. The sum of theterms in the sequen
e is greater than 200 and less than 220. If the se
ondterm in the sequen
e is 12, determine the sequen
e.Solution by Katherine Janell Eyre and Emily Hendryx, students, Angelo StateUniversity, San Angelo, TX, USA.Suppose that a is the �rst term in the sequen
e and d is the di�eren
ebetween su

essive terms. Then using formulae for arithmeti
 sequen
es andseries, the nth term 
an be written as an = a + (n − 1)d and the sum of the�rst n terms 
an be written as Sn =

n

2

�
2a + (n − 1)d

�. Hen
e,
S9 =

9

2
(2a + 8d) = 9(a + 4d) .Also, we know that a2 = 12 = a + d, from whi
h we obtain d = 12 − a.Combining these, we get

S9 = 9(a + 4d) = 9
�
a + 4(12 − a)

�
= 9(48 − 3a) = 27(16 − a) .Sin
e 200 < S9 < 220, we get 200 < 27(16 − a) < 220 whi
h redu
esto 711

27
< 16 − a < 8 4

27
, or 723

27
< a < 816

27
. Sin
e a has to be a positiveinteger, we have a = 8, and so d = 12 − a = 4. We 
an then 
he
k that theresulting sequen
e satis�es all the requirements. Therefore, the sequen
e is

8, 12, 16, 20, 24, 28, 32, 36, 40.Also solved by EDIN AJANOVIC, student, First Bosniak High S
hool, Sarajevo, Bosniaand Herzegovina; GEORGE APOSTOLOPOULOS, Messolonghi, Gree
e; MATTHEW BABBITT,
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student, Albany Area Math Cir
le, Fort Edward, NY, USA; LYLE BERSTEIN, student, RoslynHigh S
hool, Roslyn, NY, USA; JACLYNCHANG, student, Western Canada High S
hool, Calgary,AB; ANTONIO GODOY TOHARIA, Madrid, Spain; RICHARD I. HESS, Ran
ho Palos Verdes, CA,USA; R. LAUMEN, Deurne, Belgium; HUGO LUYO S�ANCHEZ, Ponti�
ia Universidad Cat �oli
adel Peru, Lima, Peru; RICARD PEIR �O, IES \Abastos", Valen
ia, Spain; NECULAI STANCIU,George Emil Palade Se
ondary S
hool, Buz�au, Romania; and JIXUANWANG, student, DonMillsCollegiate Institute, Toronto, ON. There was one in
omplete solution submitted.M378. Proposed by the Mayhem Sta�.Points C and D are 
hosen on the semi
ir
le with diameter AB so that
C is 
loser to A. Segments CB and DA interse
t at P ; segments AC and
BD extended interse
t at Q. Prove that QP extended is perpendi
ular to
AB.Solution by Jixuan Wang, student, Don Mills Collegiate Institute, Toronto,ON. Sin
e AB is a diameter, then
∠ACB = ∠ADB = 90◦. Thus,
∠QCP = ∠QDP = 90◦, so quad-rilateral CPDQ is 
y
li
 sin
e a pairof opposite angles adds to 180◦. Notethat ACDB is also 
y
li
.Let H be the interse
tion of PQextended and AB. Then we have
∠ABC = ∠ADC, sin
e ea
h is sub-tended by the same ar
. As well,
∠PDC = ∠CQP sin
e CPDQ is a .

..

.

..

..

.

..

..

.

..

..

..

.

..

..

..

..

..

.

..

..

..

..

.

..

..

..

.

..

.

..

.

..

.

..

..

..

.

..

.

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
...
...
...
...
...
...
...
...
...
....
...
....
....
....
.....
......
.....
......
..............

..............................................................................................................................................................................................................................
...
....
...
...
....
...
...
..
...
..
..
..
...
..
..
..
...
.
..
..
..
.
..
..
.
..
..
..
.
..
.
....................................................................................................................................................................................................................................................................................................................................................................

..

..

.

..

..

.

..

..

..

..

..

.

..

..

.

..

..

.

..

..

..

..

..

.

..

..

.

..

..

.

..

..

..

..

..

.

..

..

.

..

..

.

..

..

..

..

..

.

..

..

.

..

..

.

..

..

..

..

..

.

..

..

.

..

..

.

..

..

..

..

..

.

..

..

.

..

..

.

..

..

..

..

..

.

..

..

.

..

..

.

..

..

..

..

..

.

..

..

.

..

..

.

..

..

..

..

..

.

..

..

.

..

..

.

..

..

.

..

..

..

..

..

.

..

..

.

..

..

.

..

..

..

..

..

.

..

..

.

..

..

.

..

..

..

..

..

.

..

..

.

..

..

.

..

..

..

..

..

.

..

..

.

..

..

.

..

..

..

..

..

.

..

..

.

..

...................................................................................................................................................................................................................................................................................................................................................................................
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...

.

.

..

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

...................................................................................................................................................................................................................................................................................

A B

C

D

H

P

Q


y
li
 quadrilateral. Therefore, ∠ADC = ∠PDC = ∠CQP = ∠AQH.Hen
e, ∠ABC = ∠AQH.But ∠CAB = ∠QAH is a 
ommon angle in △ABC and △QAB, andso △AQH is similar to △ABC. Therefore, ∠AHQ = ∠ACB = 90◦, andso QP extended is perpendi
ular to AB.Also solved by EDIN AJANOVIC, student, First Bosniak High S
hool, Sarajevo, Bosniaand Herzegovina; GEORGE APOSTOLOPOULOS, Messolonghi, Gree
e; MATTHEW BABBITT,student, Albany Area Math Cir
le, Fort Edward, NY, USA; LYLE BERSTEIN, student, RoslynHigh S
hool, Roslyn, NY, USA; ANTONIO GODOY TOHARIA, Madrid, Spain; R. LAUMEN,Deurne, Belgium; HUGO LUYO S�ANCHEZ, Ponti�
ia Universidad Cat �oli
a del Peru, Lima, Peru;RICARD PEIR �O, IES \Abastos", Valen
ia, Spain; MRINAL SINGH, student, Kendriya VidyalayaS
hool, Shillong, India; and NECULAI STANCIU, George Emil Palade Se
ondary S
hool, Buz�au,Romania.Most solvers noted that AD and BC are altitudes of △ABQ. Thus, their point ofinterse
tion, P , is the ortho
entre of the triangle and so the line segment through Q and Pmust be the third altitude of the triangle, and so is perpendi
ular to AB, as required.M379. Proposed by John GrantM
Loughlin, University of New Brunswi
k,Frederi
ton, NB.The integers 27+C, 555+C, and 1371+C are all perfe
t squares, thesquare roots of whi
h form an arithmeti
 sequen
e. Determine all possiblevalues of C.
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Solution by Matthew Babbitt, student, Albany Area Math Cir
le, FortEdward, NY, USA.Sin
e the three given expressions have square roots in arithmeti
 se-quen
e, then we may suppose that the square roots of 27+ C, 555+ C, and
1371 + C are a − d, a, and a + d, respe
tively, for some a and d. Thus,
(a − d)2 = 27 + C, a2 = 555 + C, and (a + d)2 = 1371 + C.Note that
(a + d)2 + (a − d)2 − 2a2 =

�
a2 + 2ad + d2

�
+
�
a2 − 2ad + d2

�
− 2a2

= 2d2 ,and so
(1371 + C) + (27 + C) − 2(555 + C) = 2d2 ,or 288 = 2d2, or d2 = 144, whi
h yields d = ±12.If d = 12, then (a + d)2 = 1371 + C and (a + d)2 = a2 + 2ad + d2

= 555 + C + 24a + 144. Combining these equations yields 24a = 672,or a = 28. Thus, C = a2 − 555 = 282 − 555 = 229.If d = −12, then (a + d)2 = 1371 + C and (a + d)2 = a2 − 2ad + d2

= 555 + C − 24a + 144. Combining these equations yields −24a = 672,or a = −28. Thus, C = a2 − 555 = (−28)2 − 555 = 229.In either 
ase, C = 229. We 
an 
he
k by substitution that C = 229has the desired properties.Also solved by EDIN AJANOVIC, student, First Bosniak High S
hool, Sarajevo, Bosniaand Herzegovina; GEORGE APOSTOLOPOULOS, Messolonghi, Gree
e; ANTONIO GODOYTOHARIA, Madrid, Spain; RICHARD I. HESS, Ran
ho Palos Verdes, CA, USA; R. LAUMEN,Deurne, Belgium; RICARD PEIR �O, IES \Abastos", Valen
ia, Spain; MRIDUL SINGH, student,Kendriya Vidyalaya S
hool, Shillong, India; NECULAI STANCIU, George Emil Palade Se
ondaryS
hool, Buz�au, Romania; EDWARD T.H. WANG, Wilfrid Laurier University, Waterloo, ON; andJIXUAN WANG, student, Don Mills Collegiate Institute, Toronto, ON. There was one in
orre
tsolution submitted.M380. Proposed by Bru
e Shawyer, Memorial University of Newfound-land, St. John's, NL.Triangle ABC is right-angled at C and has BC = a and CA = b, with
a ≥ b. Squares ABDE, BCFG, andCAHI are drawn externally to triangle
ABC. The lines through FI and EH interse
t at P , the lines through FIand DG interse
t at Q, and the lines through DG and EH interse
t at R. Iftriangle PQR is right-angled, determine the value of b

a
.Composite of solutions by George Apostolopoulos, Messolonghi, Gree
e andJixuan Wang, student, DonMills Collegiate Institute, Toronto, ON, modi�edby the editor.We 
oordinatize the diagram on the following page by pla
ing C at

(0, 0), B at (0, a) and A at (b, 0). Note that a ≥ b > 0.
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Sin
e BCFG is a square external to △ABC, then it has side length aand has sides parallel to the axes, so the 
oordinates of G are (−a, a) andthe 
oordinates of F are (−a, 0).Similarly, sin
e CAHI is a square external to △ABC, the 
oordinatesof H are (b, −b) and the 
oordinates of I are (0, −b).Sin
e ABDE is a square external to △ABC and the ve
tor −→

AB equals
(b, −a), then the ve
tors −−→

BD and −→
AE are both equal to (a, b) (be
ause theyare perpendi
ular to AB and equal in length). Thus, the 
oordinates of Dare (a, a + b) and the 
oordinates of E are (a + b, b).
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A

B

C

D

E

F

G

HI

P

Q

R

x

y

The slope of QP equals the slope of FI. The 
oordinates of F are
(−a, 0) and the 
oordinates of I are (0, −b), so the slope of QP is − b

a
.The slope of QR equals the slope of GD. The 
oordinates of G are

(−a, a) and the 
oordinates of D are (a, a + b), so the slope of QR is b

2a
.The slope of PR equals the slope of HE. The 
oordinates of H are

(b, −b) and the 
oordinates of E are (a + b, b), so the slope of PR is 2b

a
.For two line segments to be perpendi
ular, the produ
t of their slopesmust equal −1. Sin
e the slopes of QR and PR are both positive, then thesesegments are not perpendi
ular and the angle at R is not a right angle.If there was a right angle at Q, then QR and QP would be perpendi
-ular, or − b

a
· b

2a
= −1, or b2 = 2a2, 
ontradi
ting the fa
t that a ≥ b > 0.Thus, if △PQR has a right angle, then it 
an only o

ur at P . In that
ase, the segments QP and PR are perpendi
ular, so − b

a
· 2b

a
= −1, or

b2

a2
=

1

2
. Sin
e a ≥ b > 0, then b

a
=

1√
2
.Also solved by RICARD PEIR �O, IES \Abastos", Valen
ia, Spain.
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Problem of the Month

Ian VanderBurgh
This month, we'll look at another problem that is a

essible to talentedyounger students, but that 
an still give pause to those with more experien
e.Problem (2009 Gauss Contest, Grade 8) A list of six positive integers p, q, r, s,

t, u satis�es p < q < r < s < t < u. There are exa
tly 15 pairs of numbersthat 
an be formed by 
hoosing two di�erent numbers from this list. Thesums of these 15 pairs of numbers are:
25, 30, 38, 41, 49, 52, 54, 63, 68, 76, 79, 90, 95, 103, 117 .Whi
h sum equals r + s?(A) 52 (B) 54 (C) 63 (D) 68 (E) 76Now, we 
an do this the hard way, or we 
an do this the easy way. Of
ourse, the hard way is a
tually easier than the easy way (whi
h is prettyhard). Got that? Great { let's begin with the easy way.Solution 1 The Big Idea: Be
ause p, q, r, s, t, and u, are given to us in orderof size, we should a
tually be able to dedu
e whi
h sum 
orresponds withwhi
h pair in at least a few 
ases; if we're lu
ky, we'll be able mat
h enoughsums to pairs to determine whi
h sum equals r + s. (Of 
ourse, sin
e r and

s are the \middle" numbers, then we'd expe
t their sum to be pretty mu
hin the middle, so 63 is probably a good guess; sin
e this is a multiple 
hoi
eproblem, 63 is almost 
ertain to be the wrong answer.)Let's get started. Can we tell whi
h of the pairs should give the smallestsum? Yes! Sin
e p and q are the smallest two numbers in the list, their summust be the smallest of all of the sums. In other words, p + q = 25.Can we tell whi
h of the pairs should give the largest sum? Yes! Sin
e
t and u are the largest two numbers in the list, then their sum should be thelargest of all of the sums. In other words, t + u = 117.Next, we'll use the fa
ts that q = 25 − p and t = 117 − u to do a littlehousekeeping and redu
e the number of unknowns in our list to four. Wethus rewrite our list as p, 25 − p, r, s, 117 − u, u.Are there other pairs that we 
an tra
k down easily? We had somesu

ess starting at the ends of the list of pairs, so let's keep trying to workinwards from the ends of the list of sums. Can we tell whi
h of the pairsshould give the se
ond smallest sum? It's not p + q, sin
e we've alreadyused this one. We might guess q + r or p + r. In fa
t, p + r is smaller than
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q + r, whi
h we 
an a
tually dedu
e by using a 
hart:

p + q
p + r q + r
p + s q + s r + s
p + t q + t r + t s + t
p + u q + u r + u s + u t + uIn the 
hart, when we move down a �xed 
olumn, the sums in
rease sin
ethe �rst summand stays the same and the se
ond in
reases; when we moveto the right along a �xed row, the sums in
rease be
ause the �rst summandin
reases and the se
ond stays the same. Therefore, p + r is smaller than

q + r (sin
e it's immediately to the left) and is in fa
t smaller than any othersum ex
ept p+q. Therefore, p+r is the se
ond smallest sum, so p+r = 30.Similarly, the se
ond largest sum must be s + u, so s + u = 103.We 
an now do some more housekeeping, writing r = 30 − p and
s = 103 − u to make our list p, 25 − p, 30 − p, 103 − u, 117 − u, u.Now we 
ome to a fork in the road. The third smallest total, a

ordingto our snazzy 
hart, is either p + s or q + r. (Can you see why?) So either
p+s = p+103−u = 38 (that is, p = u−65) or q+r = 25−p+30−p = 38.In the se
ond 
ase, 55 − 2p = 38 or 2p = 17. But p is an integer, so this isnot the 
ase. Therefore, p = u − 65, and our list be
omes

p = u − 65 , q = 90 − u , r = 95 − u , s = 103 − u , t = 117 − u , u .We have written ea
h unknown in terms of one variable, whi
h is undoubt-edly a good thing.Do you feel like we're zeroing in on the answer? (I'm not so sure my-self!) Let's 
onsolidate. We 
an at this point 
al
ulate some of the pairs,sin
e we've got ea
h unknown in terms of u. We 
an mat
h up any unknownwhose expression in
ludes a \u" with any unknown whose expression in-
ludes a \−u" to a
tually get a numeri
al sum:
p + q = (u − 65) + (90 − u) = 25 ; q + u = (90 − u) + u = 90 ;
p + r = (u − 65) + (95 − u) = 30 ; r + u = (95 − u) + u = 95 ;
p + s = (u − 65) + (103 − u) = 38 ; s + u = (103 − u) + u = 103 ;
p + t = (u − 65) + (117 − u) = 52 ; t + u = (117 − u) + u = 117 .Let's redraw our 
hart, but this time expressing the remaining pairs interms of u only:

25
30 185 − 2u
38 193 − 2u 198 − 2u
52 207 − 2u 212 − 2u 220 − 2u
2u − 65 90 95 103 117Phew! The remaining numeri
al sums that are not yet visible in the 
hart are

41, 49, 54, 63, 68, 76, and 79.
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Using our \over and down" idea from above, we see that the smallestremaining numeri
al sum, 41, 
annot o

ur in the �rst 
olumn, be
ause it issmaller than 52.Therefore, 41 o

urs at the top of the se
ond 
olumn, and this yields

q + r = 185 − 2u = 41, or 2u = 144, or u = 72. It then follows that
r + s = 198 − 2u = 198 − 144 = 54. The 
orre
t answer is (B).At this point, you may feel like taking a holiday after this \easy way"before pro
eeding to the hard way! A 
ouple of qui
k notes to 
leanse thepalate.First, sin
e u = 72, we 
ould determine the values of the six originalunknown integers to be 7, 18, 23, 31, 45, and 72. (We 
ould then double
he
k that the list of sums of pairs is 
orre
t.)Se
ond, we 
ould have skipped the last two paragraphs of Solution 1by making the following observation:Writing r + s in terms of u, we obtain r + s = 198 − 2u. Is thiseven or odd? Sin
e u is a positive integer, r + s is even. Whi
h ofthe remaining \unknown" sums are even? We 
an a
tually tell bylooking at their representations in terms of u. The even ones are

r + s = 198 − 2u, r + t = 212 − 2u, and s + t = 220 − 2u. Ofthese, r + s is the smallest. (Why?) Thus, r + s must equal thesmallest remaining even sum, so r + s = 54.Enough of the easy way! On to the hard way, but please bear with me { thehard way is a
tually pretty easy.Solution 2 We easily dedu
ed in Solution 1 that p + q = 25 and t + u = 117.We also made a 
hart that listed all of the expressions for the sums of ea
hof the pairs. We also have a list of all of the numeri
al values the sums(expressions) 
an have. Let's add up both of these lists.When we add up the 15 expressions in the 
hart in Solution 1, we get
5p+5q+5r+5s+5t+5u. First question: is it surprising that ea
h unknownappears the same number of times? Se
ond question: 
ould you have �guredout this sum without having to write out all of the pairs?When we add up the known numeri
al values for the 15 sums, we get
980. Therefore, 5(p+q+r+s+t+u) = 980 and p+q+r+s+t+u = 196.Thus, r + s = 196 − (p + q) − (t + u) = 196 − 25 − 117 = 54, as before.A 
ouple of thoughts about all of this to wrap up. First, we noti
ein the se
ond solution that we never had to �gure out the values of anyof the unknowns. (We 
ould avoid this in the �rst solution too by usingthe addendum.) Se
ond, there's the issue of \easy" and \hard". The �rstsolution, to me, requires more persisten
e than insight. We basi
ally groundaway until things fell apart. We didn't have to do anything hard, but it tooka lot of e�ort. The se
ond solution, to my mind, does require a 
ouple ofni
e insights. Coming up with these insights is not easy, but on
e we havethe right idea, the solution is a
tually pretty straightforward. Of 
ourse, thisis what problem solving is all about!
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THE OLYMPIAD CORNERNo. 281

R.E. WoodrowWe begin with the 24th Iranian Mathemati
al Olympiad 2006{2007 andthe First Round problems. Thanks go to Bill Sands, Canadian Team Leaderto the 48th IMO in Vietnam in 2007, for 
olle
ting them for our use.24th IRANIAN MATHEMATICAL OLYMPIADFirst Round1. Given integers m > 2 and n > 2, prove there is a sequen
e of integers
a0, a1, . . . , ak su
h that a0 = m, ak = n, and (ai + ai+1) | (aiai+1 + 1)for ea
h i = 0, 1, . . . , k − 1.2. Let I1, I2, . . . , In be n 
losed intervals of R su
h that among any k ofthem there are two with nonempty interse
tion. Prove that one 
an 
hoose
k − 1 points in R su
h that ea
h of the intervals 
ontains at least one of the
hosen points.3. Let A, B, C, and D be four points on a 
ir
le ω and o

urring on the
ir
umferen
e in that order. Prove that there exist four points M1, M2, M3,and M4 on ω whi
h form a quadrilateral with perpendi
ular diagonals andare su
h that for ea
h i ∈ {1, 2, 3, 4}

AMi

BMi

=
DMi

CMi

.
4. Find all two-variable polynomials p(x, y) with real 
oeÆ
ients su
h that
p(x + y, x − y) = 2p(x, y) for all real numbers x and y.5. Let ω1 and ω2 be two 
ir
les su
h that the 
entre of ω1 is lo
ated on ω2.If the 
ir
les interse
t at M and N , AB is an arbitrary diameter of ω1, and
A1 and B1 are the se
ond interse
tions of AM and BN with the 
ir
le ω2(respe
tively), prove that A1B1 is equal to the radius of ω1.6. A sta
k of n books, numbered 1, 2, . . . , n is given. In a single round wemake n moves, where the the ith move in a round 
onsists of turning overthe i books at the top, taking them as a single blo
k in the 
ourse of turningthem over. After ea
h round we start a new round similar to the previousone. Show that the initial arrangement will appear again after some numberof rounds.
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Continuing with the 24th Iranian Mathemati
al Olympiad, we give theSe
ond Round. Thanks again go to Bill Sands, Canadian Team Leader to the48th IMO in Vietnam in 2007, for 
olle
ting them.24th IRANIAN MATHEMATICAL OLYMPIADSe
ond Round1. A regular polyhedron is a polyhedron whi
h is 
onvex and all of its fa
esare regular polygons. We 
all a regular polyhedron a TLP if and only if noneof its fa
es is a triangle.(a) Prove that ea
h TLP 
an be ins
ribed in a sphere.(b) Prove that the fa
es of ea
h TLP are polygons of at most 3 di�erentkinds. (That is, there are m, n, and p su
h that ea
h fa
e of the TLP isa regular n-gon, m-gon, or p-gon.)(
) Prove that there is exa
tly one TLP with only pentagonal and hexagonalfa
es (the so

er ball).(d) For n > 3, a prism whi
h has 2 regular n-gons and n squares as itsfa
es, is a TLP. Prove that ex
ept for these TLP's, there are only �nitelymany other TLP's.2. A 
uid 
ows in an in�nite, line-shaped pipe. If a mole
ule of the 
uidis at the point with 
oordinate x, then after t se
onds it will be at the pointwith 
oordinate P (t, x). Prove that if P (t, x) is a polynomial in t and x, thenall mole
ules are moving with a unique and 
onstant speed.3. Let C be a 
onvex subset of R

3 with positive volume. Suppose that
C1, C2, . . . , Cn are n translated (but not rotated) 
opies of C su
h that
Ci ∩ C 6= ∅ for ea
h i, and su
h that Ci and Cj interse
t at most on theboundary whenever i 6= j.(a) Prove that if C is symmetri
, then n ≤ 27 and this is best possible.(b) Prove the same thing for an arbitrary 
onvex subset C.4. A �nite number of disjoint shapes in the plane are given. A 
onvex parti-tion of the plane is a 
olle
tion of 
onvex parts (subsets) su
h that the parts
an interse
t at most on their boundaries, the parts 
over the plane, and ea
hpart 
ontains exa
tly one of the shapes.For whi
h of the following sets of shapes does a 
onvex partition exist?(a) A �nite number of distin
t points.(b) A �nite number of disjoint line segments.(
) A �nite number of disjoint 
ir
ular disks.
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5. For A ⊆ Z and a, b ∈ Z, let aA + b = {ax + b : x ∈ A}. If a 6= 0,then we say that aA + b is similar to A. The Cantor Set, C, is the set of allnonnegative integers whi
h have no digit 1 in their base 3 representation.A representation of C is a partition of C into a �nite number of twoor more sets similar to C. That is, C = ∪n

i=1Ci, where n > 1, the set
Ci = aiC + bi is similar to C for ea
h i , and Ci ∩ Cj = ∅ whenever i 6= j.Note that C = (3C) ∪ (3C + 2) is a representation of C, and so is
C = (3C) ∪ (9C + 2) ∪ (9C + 6). A representation of C is a primitiverepresentation if and only if the union of fewer than n of the Ci's is notsimilar to nor equal to C.Prove that(a) In a primitive representation of C, we have ai > 1 for ea
h i.(b) In a primitive representation of C, ea
h ai is a power of 3.(
) In a primitive representation of C, we have ai > bi for ea
h i.(d) The only primitive representation of C is C = (3C) ∪ (3C + 2).6. Let P (x) and Q(x) be polynomials with integer 
oeÆ
ients and let P (x)be moni
 (that is, P (x) has leading 
oeÆ
ient 1). Prove that there exists amoni
 polynomial R(x) with integer 
oeÆ
ients su
h that P (x) | Q

�
R(x)

�.
To 
omplete the 24th Iranian Mathemati
al Olympiad, we now give theThird Round, with thanks to Bill Sands, Canadian Team Leader to the 48thIMO in Vietnam in 2007, for 
olle
ting them.24th IRANIAN MATHEMATICAL OLYMPIADThird Round1. Let A be a largest subset of {1, 2, . . . , n} su
h that ea
h element of Adivides at most one other element of A. Prove that

2n

3
≤ |A| ≤ 3

l
n

4

m .2. Does there exist a sequen
e of positive integers a0, a1, a2, . . . su
h that
gcd(ai, aj) = 1 whenever i 6= j, and for all n the polynomial nP

i=0

aix
i isirredu
ible in Z[x]?3. Triangle ABC is isos
eles with AB = AC. The line ℓ passes through Aand is parallel to BC. The points P and Q are on the perpendi
ular bise
torsof AB and AC, respe
tively, and su
h that PQ ⊥ BC. The points M and

N are on ℓ and su
h that ∠APM and ∠AQN are right angles. Prove that
1

AM
+

1

AN
≤ 2

AB
.
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4. Suppose that n lines are pla
ed in the plane, su
h that no two are paralleland no three are 
on
urrent. For ea
h two lines let the angle between thembe the smallest angle produ
ed at their interse
tion. Find the largest valueof the sum of the �n

2

� angles between the lines.5. The point O is inside triangle ABC and su
h that OA = OB + OC. Let
B′ and C′ be the midpoints of the ar
s AOC and AOB, respe
tively. Provethat the 
ir
um
ir
les of COC′ and BOB′ are tangent to ea
h other.6. Find all polynomials p(x) of degree 3 su
h that for all nonnegative realnumbers x and y

p(x + y) ≥ p(x) + p(y) .
Next we give the two days of the 11th Mathemati
al Olympiad of Bosniaand Herzegovina, May 2006. Thanks go to �Sefket Arslanagi �
, University ofSarajevo, Bosnia and Herzegovina, for sending them for our use.11th MATHEMATICAL OLYMPIAD OFBOSNIA AND HERZEGOVINAMay, 2006First Day1. A Z-tile is any tile 
ongruent to the one shown at right.What is the least number of Z-tiles needed to 
over an

8 × 8 grid, if every square of a Z-tile 
oin
ides with a squareof the grid or is outside the grid. (The Z-tiles 
an overlap.)
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2. Triangle ABC is given. Determine the set of the 
entres of all re
tanglesins
ribed in the triangle ABC so that one side of the re
tangle lies on theside AB of the triangle ABC.3. Prove that for every positive integer n the inequality �n
√

7
©

>
3
√

7

14nholds, where {x} is the fra
tional part of the real number x. (If ⌊x⌋ is thegreatest integer not ex
eeding x, then {x} = x − ⌊x⌋.)Se
ond Day4. For any two positive integers a and d prove that the in�nite arithmeti
progression
a, a + d, a + 2d, . . . , a + nd, . . .
ontains an in�nite geometri
 progression of the form

b, bq, bq2, . . . , bqn, . . . ,where b and q are also positive integers.
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5. The a
ute triangle ABC is ins
ribed in a 
ir
le with 
entre O. Let P bea point on the ar
 øAB , where C 6∈ øAB . The perpendi
ular from the point
P to the line BO 
uts the side AB at point S and the side BC at point T .The perpedi
ular from the point P to the line AO 
uts the side AB at point
Q and the side AC at point R. Prove that:(a) The triangle PQS is isos
eles.(b) PQ2 = QR · ST .6. Let a1, a2, . . . , an be real 
onstants and for ea
h real number x let
f(x) = cos(a1 + x) +

cos(a2 + x)

2
+

cos(a3 + x)

22
+ · · · + cos(an + x)

2n−1
.If f(x1) = f(x2) = 0, prove that x1 − x2 = mπ, where m is an integer.

We �nish this number with problems of the Vietnamese Mathemati
alOlympiad 2006{2007. Thanks go to Bill Sands, Canadian Team Leader to the48th IMO in Vietnam in 2007, for 
olle
ting them.VIETNAMESE MATHEMATICAL OLYMPIAD2006{2007February 8, 2007Time: 3 hours1. Solve the system of equations
1 − 12

y + 3x
=

2
√

x
,

1 +
12

y + 3x
=

6
√

y
.

2. Let x and y be integers with x 6= −1 and y 6= −1, and su
h that
x4 − 1

y + 1
+

y4 − 1

x + 1is also an integer. Prove that x4y44 − 1 is divisible by x + 1.3. Triangle ABC has two �xed verti
es, B and C, while the third vertex A isallowed to vary. Let H and G be the ortho
entre and the 
entroid of ABC,respe
tively. Find the lo
us of A su
h that the midpoint K of the segment
HG lies on the line BC.
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4. Given a regular 2007-gon, �nd the smallest positive integer k satisfyingthe following property: In every set of k verti
es there are 4 verti
es whi
hform a quadrilateral with three edges of the given 2007-gon.5. Let b be a positive real number. Find all fun
tions f : R → R su
h that

f(x + y) = f(x) · 3by+f(y)−1 + bx
�
3by+f(y)−1 − by

�
for all real numbers x and y.6. A trapezoid ABCD with BC‖AC and BC > AD is ins
ribed in a 
ir
le
k with 
entre O. The point P varies on the line BC outside the segment BCsu
h that PA is not tangent to k. The 
ir
le with diameter PD interse
ts
k at E 6= D. The lines BC and DE meet at M , and PA interse
ts k at
N 6= A. Prove that the line MN passes through a �xed point.7. Let a > 2 be a real number and

fn(x) = a10xn+10 + xn + xn−1 + · · · + x + 1for ea
h positive integer n. Prove that for ea
h n the equation fn(x) = ahas exa
tly one real root xn ∈ (0, ∞), and that the sequen
e {xn}∞
n=1 has a�nite limit as n approa
hes in�nity.

We begin the solutions se
tion of this number of the Corner with a
ontinuation of solutions from our readers to problems of the OlimpiadaMatem�ati
a Espa ~nola 2005 given at [2008 : 341{342℄.
2. A triangle is said to be multipli
ative if theprodu
t of the lengths of two of its sides equalsthe length of the third side.Let AB . . . Z be a regular polygon with nsides, ea
h of length 1. The n − 3 diagonals fromthe vertex A divide the triangle ZAB into n − 2smaller triangles. Prove that all of these trianglesare multipli
ative.
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A

BZ

Solved by George Apostolopoulos, Messolonghi, Gree
e; and Titu Zvonaru,Com�ane�sti, Romania. We give the version of Zvonaru.Let α =
π

n
, T0 = Z, and Tn−2 = B. As we traverse the segment

ZB from Z to B, let the interse
tion points of the n − 3 diagonals with thesegment ZB be T1, T2, . . . , Tn−3. In △AZTk we then have ∠AZTk = α,
∠ZATk = kα, and ∠ZTkA = π − (k + 1)α.
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By the Law of Sines in △AZTk, we obtain

ZTk

sin kα
=

ATk

sin α
=

1

sin(k + 1)α
,

hen
e, ATk =
sin α

sin(k + 1)α
and ZTk =

sin kα

sin(k + 1)α
for ea
h k. We will provethat △ATk−1Tk is multipli
ative by proving that ATk−1 · ATk = Tk−1Tk.Sin
e sin2 a =

1 − cos 2a

2
and sin a sin b = 1

2

�
cos(a− b)− cos(a+ b)

�,we obtain
ATk−1 · ATk = Tk−1Tk

⇐⇒ ATk−1ATk = ZTk − ZTk−1

⇐⇒ sin α

sin kα
· sin α

sin(k + 1)α
=

sin kα

sin(k + 1)α
− sin(k + 1)α

sin kα

⇐⇒ sin2 α = sin2 kα − sin(k − 1)α · sin(k + 1)α

⇐⇒ 1 − cos 2α = 1 − cos 2kα − cos 2α + cos 2kα ,and the last line is 
ertainly true.4. In triangle ABC the sides BC, AC, and AB have lengths a, b, and c,respe
tively, and a is the arithmeti
 mean of b and c. Let r and R be theradius of the in
ir
le and 
ir
um
ir
le of ABC, respe
tively. Prove that:(a) 0◦ ≤ ∠BAC ≤ 60◦.(b) The altitude from A is three times the inradius r.(
) The distan
e from the 
ir
um
entre of ABC to the side BC is R − r.Solved by George Apostolopoulos, Messolonghi, Gree
e; Mi
hel Bataille,Rouen, Fran
e; and Titu Zvonaru, Com�ane�sti, Romania. We give Bataille'sversion.(a) From the Law of Cosines and 2a = b + c we have
cos(∠BAC) =

b2 + c2 − a2

2bc
=

3b2 + 3c2 − 2bc

8bc
,

so it suÆ
es to show that 3b2 + 3c2 − 2bc

8bc
≥ 1

2
.This is readily rewritten as 3b2 + 3c2 − 6bc ≥ 0, or 3(b − c)2 ≥ 0,whi
h 
learly holds. Thus, 0◦ ≤ ∠BAC ≤ 60◦.(b) Let h be the altitude from A. Twi
e the area of △ABC is equal toboth ah and r(a + b + c) = r(3a). Hen
e, h = 3r.(
) Let O be the 
ir
um
entre of △ABC. Sin
e ∠BAC = A is a
ute,

∠BOC = 2A, and so the distan
e from O to BC is R cos A. Thus, we wishto prove that r = R(1 − cos A), that is, r = 2R sin2 A

2
. Now, we have
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r = 4R sin

A

2
sin

B

2
sin

C

2
(a well-known formula), and from 2a = b + c andthe Law of Sines we obtain 2 sin A = sin B + sin C, whi
h easily transformsinto 2 sin

A

2
= cos

B − C

2
. As a result

r = 2R sin
A

2

�
2 sin

B

2
sin

C

2

�
= 2R sin

A

2

�
cos

�
B − C

2

�
− cos

�
B + C

2

��
= 2R sin

A

2

�
cos

�
B − C

2

�
− sin

A

2

�
= 2R sin2 A

2
,as desired.5. In triangle ABC we have ∠BAC = 45◦ and ∠ACB = 30◦. Let

M be the midpoint of the side BC. Prove that ∠AMB = 45◦ and that
BC · AC = 2 AM · AB.Solved by George Apostolopoulos, Messolonghi, Gree
e; and Titu Zvonaru,Com�ane�sti, Romania. We giveApostolopoulos' write-up.If BD is perpendi
ular to AC,then ∠ABD = 45◦ and hen
etriangle ADB is isos
eles and
AD = BD. Note that the 
ir-
um
ir
le of triangle BDC has
M as its 
entre and BC as adiameter. So ∠MDC = 30◦and 30◦ = 2∠MAD, when
e
∠MAD = ∠AMD = 15◦;
∠AMB = 60◦ − 15◦ = 45◦.
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A

B
C

D

MBy the Law of Sines
AB

sin 30◦ =
BC

sin 45◦ and AC

sin 135◦ =
AM

sin 30◦ .Therefore,
AB

BC
=

1√
2

and AM

AC
=

1√
2
,so that

AB · AM

BC · AC
=

�
1√
2

�2

=
1

2
,and BC · AC = 2AM · AB, as desired.7. Prove that the equation x2 +y2 −z2 −x−3y −z −4 = 0 has in�nitelymany integer solutions.
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Solved by George Apostolopoulos, Messolonghi, Gree
e; and Titu Zvonaru,Com�ane�sti, Romania. We give Zvonaru's write-up.The given equation is su

essively equivalent to

x2 − x − 6 = z2 + z +
1

4
− y2 + 3y − 9

4
;

(x − 3)(x + 2) =

�
z +

1

2

�2

−
�

y − 3

2

�2 ;
(x − 3)(x + 2) = (z + y − 1)(z − y + 2) .Taking x = α where α is an integer and equating§

z + y − 1 = α − 3 ,
z − y + 2 = α + 2 ,we obtain in�nitely many solutions (x, y, z) = (α, −1, α−1), where α is anarbitrary integer.On the other hand, 
hoosing§
z + y − 1 = α + 2 ,
z − y + 2 = α − 3 ,we obtain the solutions (x, y, z) = (α, 4, α − 1), with α an integer.

Now we return to readers' solutions to problems of the 54th Cze
hMathemati
al Oympiad 2004/2005, Category B, 10th Class [2008: 342{344℄.D1. Find all pairs (a, b) of real numbers su
h that ea
h of the equations
x2 + ax + b = 0 ,

x2 + (2a + 1)x + 2b + 1 = 0 ,has two distin
t real roots and the roots of the se
ond equation are re
ipro
alsof the roots of the �rst equation.Solved by George Apostolopoulos, Messolonghi, Gree
e; and Titu Zvonaru,Com�ane�sti, Romania. We give the solution of Apostolopoulos, modi�ed bythe editor.Note that b 6= 0, be
ause the roots of the �rst equation are nonzero. If
x2 + ax + b = 0 has roots x1 and x2, then sin
e ea
h 
onstant term of ea
hquadrati
 is the produ
t of the roots we have

1

b
=

1

x1x2

=
1

x1

· 1

x2

= 2b + 1 ,
hen
e 2b2 + b − 1 = 0 and we dedu
e that b = −1 or b =

1

2
.
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On the other hand, the roots of ea
h quadrati
 sum to minus the 
oeÆ
ientof x, so that

−(2a + 1) =
1

x1

+
1

x2

=
x1 + x2

x1x2

=
−a

b
,hen
e a = b(2a + 1).Now, if b =

1

2
, then a = b(2a + 1) leads to the 
ontradi
tion 0 =

1

2
.However, taking b = −1 in the equation a = b(2a + 1) and then solving for

a yields (a, b) =
�
−1

3
, −1

�, whi
h one 
an 
he
k yields quadrati
s with therequired properties.D2. Let ABCD be a parallelogram. A line through D meets the segment
AC in G, the side BC in F , and the line AB in E. The triangles BEF and
CGF have the same area. Determine the ratio |AG| : |GC|.Solved by Miguel Amengual Covas, Cala Figuera, Mallor
a, Spain; GeorgeApostolopoulos, Messolonghi, Gree
e; and Titu Zvonaru, Com�ane�sti, Roma-nia. We present the solution of Amengual Covas.From similar triangles AGD, CGF and FBE, FCD we have

AG

GC
=

AD

FC
=

BC

FC
=

BF + FC

FC

=
BF

FC
+ 1 =

BE

CD
+ 1 =

BE

AB
+ 1 . (1)Sin
e the triangles BEF and CGF have the same area, it follows that

BF · FE = GF · FC, that is, BF

GF
=

F C

F E
.Thus, in triangles BFGand CFE, the sides aboutequal angles BFG and CFEare proportional, implyingthe triangles are similar andthe equal 
orresponding an-gles FGB and FEC implythat BG and EC are paral-lel. Hen
e,

AG

GC
=

AB

BE
. (2)
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A

B
C

D

E

F

G

r

r

From (1) and (2), it follows that AG

GC
satis�es the equation φ =

1

φ
+ 1.Therefore, the required ratio is the golden ratio:

AG

GC
=

1 +
√

5

2
.
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D3. Let k ≥ 3 be an integer. We have k piles of stones with (respe
tively)
1, 2, . . . , k stones in them. At ea
h turn we 
hoose three piles, merge themtogether, and add one stone (not already in a pile) to the resulting pile. Provethat if after some number of turns only one pile remains, then the numberof stones in that pile is not divisible by 3.Solution by Titu Zvonaru, Com�ane�sti, Romania.Denote the total number of stones at the start by S =

k(k + 1)

2
. Afterthe �rst turn we will have k − 2 piles and S + 1 stones. After the se
ondturn we will have k −2 ·2 piles and S +2 stones. Continuing in this manner,after the p-th turn we will have k − 2p piles and S + p stones.If after p turns only one pile remains, then we must have k − 2p = 1,that is, k = 2p + 1 and the one pile will have

S + p =
(2p + 1)(2p + 2)

2
+ p = (2p + 1)(p + 1) + pstones in it. Thus, the one pile has 2p2+4p+1 stones, and we have to provethat this number is not divisible by 3.Write

2p2 + 4p + 1 = 2(p − 1)(p + 1) + p + 3(p + 1) .If p is divisible by 3, then p − 1 and p + 1 are not divisible by 3, hen
e
2(p − 1)(p + 1) is not divisible by 3 while p + 3(p + 1) is divisible by 3.Therefore, in this �rst 
ase, 2p2 + 4p + 1 is not divisible by 3.If p is not divisible by 3, then one of p − 1 or p + 1 is divisible by 3,hen
e 2(p − 1)(p + 1) is divisible by 3, hen
e 2(p − 1)(p + 1) + 3(p + 1)is divisible by 3 and adding p to this last quantity gives a result not divisibleby 3. Therefore, in this se
ond 
ase, 2p2 + 4p + 1 is not divisible by 3.In all 
ases, the number of stones in the last pile is not divisible by 3.D4. Let ABC be a s
alene triangle with ortho
entre H and 
ir
um
entre O.Prove that if ∠ACB = 60◦, then the bise
tor of ∠ACB is the perpendi
ularbise
tor of OH.Solved by Ri
ardo Barroso Campos,University of Seville, Seville, Spain;and Titu Zvonaru, Com�ane�sti, Roma-nia. We give the solution of BarrosoCampos.We have ∠CBA = 60◦ − α and
∠CAB = 60◦ + α.Furthermore, ∠HAHa = 30◦(sin
e AH ⊥ BC), ∠AHHa = 60◦,
∠HCHa =30◦−α (sin
e CH ⊥ AB),and ∠HaHC = 60◦ + α.
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Also, ∠COB = 2∠CAB = 120◦ +2α and ∠AOB = 2∠ACB = 120◦.Sin
e ∠AOB = ∠AHB = 120◦ the quadrilateral AHOB is 
y
li
, and

∠BHO = ∠BAO = 30◦.We now have
∠CHO = 360◦ − ∠CHHa − ∠HaHA − ∠AHB − ∠BHO

= 360◦ −
�
60◦ + α

�
− 60◦ − 120◦ − 30◦ = 90◦ − α

∠HCO = ∠ACO − ∠ACH =
�
90◦ − ∠ABC

�
−
�
30◦ − α

�
= 90◦ −

�
60◦ − α

�
− 30◦ + α = 2α ,hen
e, ∠COH = 180◦ −

�
90◦ − α

�
− 2α = 90◦ − α.Therefore, triangle HOC is isos
eles with CH = CO, and the anglebise
tor at C is the perpendi
ular bise
tor of OH.D5. Find all real numbers x su
h that

x

x + 4
=

5⌊x⌋ − 7

7⌊x⌋ − 5
,where ⌊x⌋ denotes the greatest integer not ex
eeding x.Solved by Titu Zvonaru, Com�ane�sti, Romania.Writing α = ⌊x⌋ and solving for x, we obtain

x =
10α − 14

α + 1
.Sin
e α ≤ x < α + 1, we have

α ≤ x ⇐⇒ α2 + α − 10α + 14

α + 1
≤ 0

⇐⇒ (α − 2)(α − 7)

α + 1
≤ 0 ;

α + 1 > x ⇐⇒ α2 + 2α + 1 − 10α + 14

α + 1
> 0

⇐⇒ (α − 3)(α − 5)

α + 1
> 0 ;From the �rst set of dedu
tions, α ∈ (−∞, −1) ∪ [2, 7]; from the se
ond setof dedu
tions, α ∈ (−1, 3) ∪ (5, ∞); hen
e α ∈ [2, 3) ∪ (5, 7]. Sin
e α is aninteger, α = 2 and x = 2; or α = 6 and x =

46

7
; or α = 7 and x = 7.Therefore, all solutions are given by x ∈
n
2,

46

7
, 7
o.
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D6. In a 
ir
le Γ with radius r are ins
ribed two mutually tangent 
ir
les,
Γ1 and Γ2, ea
h with radius r/2. Cir
le Γ3 is tangent to Γ1 and Γ2 externallyand to Γ internally. Cir
le Γ4 is tangent to Γ2 and Γ3 externally and to Γinternally. Determine the radii of the 
ir
les Γ3 and Γ4.Solution by Titu Zvonaru, Com�ane�sti, Romania.(i) Let Γ have 
entre O and Γi have 
entre
Oi for ea
h i. Let Γ3 have radius x.We have OO1 =

r

2
, O1O3 =

r

2
+ x,and OO3 = r − x. By the PythagoreanTheorem, O1O2

3 = OO2
1 + OO2

3, or
1

4
r2 + rx + x2 =

5

4
r2 + r2 − 2rx + x2 ,hen
e, 3rx = r2 and Γ3 has radius 1

3
r. .........................................................................................................................................................................................................................................................................................................................................
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(ii) Denote by y the radius of Γ4. We have
OO2 =

r

2
; O2O4 =

r

2
+ y ;

O4O3 =
r

3
+ y ; OO3 =

2r

3
;

OO4 = r − y .Let M be the proje
tion of O4 onto OO2and let N be the proje
tion of O4 onto
OO3. By the Pythagorean Theorem,
OO2

4 −OM2 = O4O2
2 − (OO2 −OM)2 ,whi
h upon substituting the above yields
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O O2

O3

O4

M

N

r2 + y2 − 2ry − OM2 =
r2

4
+ y2 + ry − r2

4
+ r · OM − OM2 ,hen
e, OM = r − 3y.Heron's formula [ABC] =

È
s(s − a)(s − b)(s − c) for the area [ABC]of △ABC (where a = BC, b = AC, c = AB, and s =

1

2
(a + b + c)) yields

O4N =
2[OO3O4]

OO3

=
2

É
r · r

3

�
2r

3
− y

�
· y�

2r

3

� =
È

y(2r − 3y) .
We now have (r − 3y)2 = OM2 = O4N2 = y(2r − 3y), sin
e ONO4M isa re
tangle. Hen
e, (6y − r)(2y − r) = 0, whi
h yields y ∈

n
r

6
, r

2

o.However, y <
r

2
, therefore Γ4 has radius r

6
.
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S2. Let ABC be a right triangle with a = |BC|, b = |AC|, and a = |BC|and su
h that a < b < c. Let Q be the midpoint of BC and let S be themidpoint of AB. The line CA meets the perpendi
ular bise
tor of AB at R.Prove that |RQ| = |RS| if and only if a2 : b2 : c2 = 1 : 2 : 3.Solved by Miguel Amengual Covas, Cala Figuera, Mallor
a, Spain; Ri
ardoBarroso Campos, University of Seville, Seville, Spain; and Titu Zvonaru,Com�ane�sti, Romania. We give the solution and 
omment of AmengualCovas.Triangles ABC and ARS are similar, so we obtain

AR =
AS

AC
· AB =

c

2b
AB =

c2

2b
; (1)

CR = CA − AR = b − c2

2b
=

2b2 −
�
a2 + b2

�
2b

=
b2 − a2

2b
, (2)sin
e c2 = a2 + b2 holds by the Pythagorean Theorem in △ABC.Thus,

|RQ| = |RS| ⇐⇒ RQ2 = RS2

⇐⇒ QC2 + CR2 = AR2 − AS2 (Pyth. Thm. in △QCR ,△ASR)

⇐⇒ AR2 − CR2 = QC2 + AS2

⇐⇒ (AR + CR)(AR − CR) = QC2 + AS2

⇐⇒ AC(AR − CR) = QC2 + AS2

⇐⇒ AR − CR =
QC2 + AS2

AC
=

(a
2
)2 + ( c

2
)2

b
=

a2 + c2

4b

⇐⇒ AR =
AR + CR

2
+

AR − CR

2
=

CA

2
+

AR − CR

2

=
b

2
+

a2 + c2

8b
=

b

2
+

(c2 − b2) + c2

8b
=

3b2 + 2c2

8band
CR =

AR + CR

2
− AR − CR

2
=

CA

2
− AR − CR

2

=
b

2
− a2 + c2

8b
=

b

2
− a2 + (a2 + b2)

8b
=

3b2 − 2a2

8b

⇐⇒ c2

2b
=

3b2 + 2c2

8b
and b2 − a2

2b
=

3b2 − 2a2

8b(substituting AR =
c2

2b
and CR =

b2 − a2

2b
by (1) and (2), resp.)

⇐⇒ 3b2 = 2c2 and 2a2 = b2 ⇐⇒ a2 : b2 : c2 = 1 : 2 : 3 .Comment. For other properties of triangles with a2 : b2 : c2 = 1 : 2 : 3, seeProblem 3 of the 31st Spanish Mathemati
al Olympiad, First Round, given in[1998 : 452{453℄, with solution at [2000 : 143{144℄.
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S3. Find all real numbers x su
h thatj

x

1 − x

k
=

⌊x⌋
1 − ⌊x⌋ ,where ⌊x⌋ denotes the greatest integer not ex
eeding x.Solved by Edward T.H. Wang, Wilfrid Laurier University, Waterloo, ON; andTitu Zvonaru, Com�ane�sti, Romania. We give Wang's write-up.Note �rst that

1

1 − ⌊x⌋ − 1 =
⌊x⌋

1 − ⌊x⌋ =
j

x

1 − x

k
=
j

1

1 − x
− 1

k
=
j

1

1 − x

k
− 1 .Hen
e, the given equation is equivalent toj

1

1 − x

k
=

1

1 − ⌊x⌋ . (1)Sin
e the left side of (1) is an integer, we must have 1 − ⌊x⌋ = ±1, that is,
⌊x⌋ = 0 or 2. If ⌊x⌋ = 0, then x ∈ [0, 1) while if ⌊x⌋ = 2, then x ∈ [2, 3).However, if x ∈

�
1
2
, 1�, then 1

1 − ⌊x⌋ = 1, while 0 < 1−x ≤ 1

2
impliesthat 1

1 − x
≥ 2, and so j 1

1 − x

k
≥ 2. Hen
e, in this 
ase, (1) 
annot hold.If x ∈

�
0, 1

2

�, then ⌊x⌋ = 0. Also, 1 − x > 1
2
implies 1 ≤ 1

1 − x
< 2.Hen
e, (1) holds with a value of 1 on ea
h side.If x ∈ [2, 3), then ⌊x⌋ = 2. Also, −2 < 1 − x ≤ −1 implies that

−1 ≤ 1

1 − x
< −1

2
. Hen
e, (1) holds with a value of −1 on ea
h side.By these three 
ases, the solution set is �0, 1

2

�
∪ [2, 3).K1. Cir
le Γ1 with radius 1 is externally tangent to 
ir
le Γ2 with radius 2.Ea
h of the 
ir
les Γ1 and Γ2 is internally tangent to 
ir
le Γ3 with radius 3.Determine the radius of the 
ir
le Γ, whi
h is tangent externally to the 
ir
les

Γ1 and Γ2 and internally to the 
ir
le Γ3.Solution by Titu Zvonaru, Com�ane�sti,Romania.Let Γ have 
entre O and Γi have 
entre
Oi for ea
h i. Let Γ have radius x.Note that
OO1 = 1 + x ; OO2 = 2 + x ; O2O3 = 1 ;
OO3 = 3 − x ; O1O3 = 2 .By Stewart's Theorem we obtain ...............................................................................................................................
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O

O1 O2O3

OO2
1 · O3O2 − OO2

3 · O1O2 + OO2
2 · O1O3 = O1O3 · O3O2 · O1O2 ,whi
h upon substituting yields 1+2x+x2−27−3x2+18x+8+2x2+8x = 6.Upon solving for x, we obtain x =

24

28
=

6

7
.
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K2. On a publi
 website parti
ipants vote for the world's best ho
key playerof the last de
ade. The per
entage of votes a player re
eives is rounded o�to the nearest per
ent and displayed on the website. After Jo�zko votes forMiroslav �Satan, the ho
key player's s
ore of 7% remains un
hanged. Whatis the minimum number of people (in
luding Jo�zko) who voted? (Ea
h par-ti
ipant votes exa
tly on
e and for a single player only.)Solved by Oliver Geupel, Br �uhl, NRW, Germany; and Titu Zvonaru, Com�ane�sti,Romania. We give the solution of Geupel.Let N and m denote the total number of parti
ipants and the numberof people who voted for �Satan, respe
tively. Jo�zko is 
ounted in both N and
m, so the given information yields

13

200
≤ m − 1

N − 1
<

m

N
≤ 15

200
,

13N + 187 ≤ 200m ≤ 15N , (1)thus, 187 ≤ 2N , and hen
e N ≥ 94. Writing N = 94 + k, where k is anonnegative integer, and substituting this into (1), we obtain
1409 + 13k ≤ 200m ≤ 1410 + 15k .It follows that m ≥ 8 and 15k ≥ 1600 − 1410 = 190, so that k ≥ 13.We now 
he
k the 
ase k = 13, N = 94 + k = 107, m = 8. Bydire
t 
al
ulation of m − 1

N − 1
=

7

106
= 0.0666 . . . and m

N
=

8

107
= 0.074 . . .,we readily see that N = 107 is indeed the minimum number of parti
ipants(where eight people voted for �Satan).K4. Find all triples of real numbers x, y, z su
h that

⌊x⌋ − y = 2⌊y⌋ − z = 3⌊z⌋ − x =
2004

2005
,where ⌊x⌋ denotes the greatest integer not ex
eeding x.Solved by George Apostolopoulos, Messolonghi, Gree
e; and Titu Zvonaru,Com�ane�sti, Romania. We give the solution by Apostolopoulos.For 
onvenien
e, let k =

2004

2005
. We then have

x = 3⌊z⌋ − k ; y = ⌊x⌋ − k ; z = 2⌊y⌋ − k . (1)Sin
e 0 < k < 1, the pre
eding equations imply
⌊x⌋ = 3⌊z⌋ − 1 ; ⌊y⌋ = ⌊x⌋ − 1 ; ⌊z⌋ = 2⌊y⌋ − 1 .Thus, ⌊z⌋ = 2

�
⌊x⌋−1

�
−1 = 2⌊x⌋−3 and ⌊x⌋ = 3

�
2⌊x⌋−3

�
−1, andsolving for ⌊x⌋ yields ⌊x⌋ = 2. Then ⌊y⌋ = 2−1 = 1 and ⌊z⌋ = 2·1−1 = 1.Finally, substituting the values for ⌊x⌋, ⌊y⌋, and ⌊z⌋ ba
k into (1) givesthe unique solution (x, y, z) =

�
4011

2005
,
2006

2005
,
2006

2005

�.
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Next we turn to readers' solutions to problems of the First Round, 23rdIranian Mathemati
al Olympiad given in the Corner at [2008 : 344{345℄.5. The segment BC is the diameter of a 
ir
le and XY is a 
hord perpendi
-ular to BC. The points P and M are 
hosen on XY and CY , respe
tively,su
h that CY ‖PB and CX‖MP . Let K be the interse
tion of the lines CXand PB. Prove that PB ⊥ MK.Solved by George Apostolopoulos, Messolonghi, Gree
e; and Titu Zvonaru,Com�ane�sti, Romania. We give the solution by Zvonaru.Let O and S be the midpointsof BC and XY , respe
tively. It iseasy to see that CX = CY .Sin
e CY ‖PB, we have

∠CBK = ∠BCY = ∠SCY

= ∠SCX = ∠BCK .It follows that BK = CK and Klies on the perpendi
ular bise
torof BC. Sin
e △CXS and △CKOare similar,
CK =

CX · CO

CS
. (1)Also, △CSY and △PSB are sim-ilar, so it follows that

SP =
BS · Y S

CS
. (2)
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By (2) we have Y P = SP +Y S =
Y S(BS + CS)

CS
, hen
e Y P = 2· Y S · OC

CS
.Sin
e △Y CX is similar to △Y MP , we dedu
e that

Y M =
Y C · Y P

Y X
=⇒ Y M =

Y C

2 · Y S
· 2 · Y S · OC

CS
,hen
e,

Y M =
CY · OC

CS
. (3)By (1) and (3), we have BK = Y M , hen
e quadrilateral BKMY is aparallelogram as BK‖Y M . Sin
e ∠BY M = ∠BY C = 90◦, the parallelo-gram BKMY is a re
tangle and MK ⊥ PB.

That 
ompletes this number of the Corner. Send me your ni
e solutionsand generalizations.



452
BOOK REVIEWSAmar SodhiProblems from Murray Klamkin: The Canadian Colle
tionEdited By Andy Liu and Bru
e Shawyer,Mathemati
al Asso
iation of Ameri
a, 2009ISBN 9780-88385-828-8, hard
over, 249+xvi pages, US$61.50Reviewed by Bill Sands, University of Calgary, Calgary, ABThis book is a well-deserved tribute to the late great Murray Klamkin,long-time 
ontributor to this journal (whi
h in this review I will denote infor-mally as Crux), and its original Olympiad Corner Editor. The two Editors ofthis book, both mathemati
ians and problemists well-known to Crux readersand familiar withMurray's work, have assembled all of his problems that hadbeen published in Crux over the years (whi
h means 1977 to 2005, stret
h-ing over the �rst four Crux Editors), and their published solutions (usuallyby other readers), into one volume. The result is a must-have book for anyfan of Crux, or of math problems in general. Andy Liu, who was Murray's
olleague at the University of Alberta for over twenty years, also 
ontributesa memorial tribute that he originally wrote for Crux and that was �rst pub-lished in September 2005; it is reprinted at the beginning of this book. Bru
eShawyer is a former Editor of Crux who would have pro
essed many of the
ontributions in this book when they �rst appeared in Crux.I'm a former Editor of Crux myself, and had the pleasure of readingMurray's Crux 
ontributions for ten years, so browsing through this book wasa bit of a walk down memory lane for me! In addition, Murray's problemswere ta
kled by most of the Crux regulars of the time, and it was a pleasureto see the names of many old friends and read their thoughts again.The 120 problems have been 
ategorized into 15 se
tions depending ontopi
, and arranged 
hronologi
ally in ea
h se
tion. The se
tions range in sizefrom 3 to 19 problems, the latter being the se
tion \Algebrai
 Inequalities",whi
h will be no surprise to long-time Crux readers! There are also twoadditional spe
ial se
tions, one 
ontaining all 54 of Murray's \qui
kies" thatappeared in Crux from time to time, the other 
ontaining the 15 problemspublished in the spe
ial September 2005 issue of Crux whi
h were proposedby readers and dedi
ated to Murray. After these lists of problems 
ome thesolutions. At the end is an index of proposers and solvers (Murray of 
ourseex
luded), and an index of the problems.So of 
ourse my re
ommendation is that you all buy this book, eventhose of you who already own a 
omplete run of Crux ba
k to its birth asEureka.To end this review here are some spe
i�
 
omments on (and 
orre
tionsto) the 
ontent. I'll try to suppress the obsessive editor who still lurks insideme, and who 
ringes at a mispla
ed 
omma (and there are a few in this book).Instead I'll restri
t myself to matters whi
h may interest you as a reader of
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the book. I also won't list instan
es where the original Crux entry 
ontainedan error or omission whi
h has been repeated in the present book, as theEditors 
annot be faulted in su
h 
ases.

• Q40 (page 8): The inequalities are missing from this problem. Theyshould be:(i) ab

c
+

bc

d
+

cd

a
+

da

b
≥ a + b + c + d,(ii) a2b + b2c + c2d + d2a ≥ abc + bcd + cda + dab.

• Problem 1734 (page 18): The �rst line of the problem is missing. Itshould be: \Determine the minimum value of".
• Problem 3024 (page 219): A large part of the proposers' solution, andall of two other solutions (as published in Crux), has been left out.
• The original Crux referen
es have not been given for the solutions tothe Klamkin Tribute Problems. (Almost all of these solutions have ap-peared in the September 2006 issue.)

Cro
heting Adventures with Hyperboli
 PlanesBy Daina Taimi �na, A.K. Peters, Ltd., 2009ISBN 13: 978-1-56881-452-0, hard
over, 148+xi pages, US$35.95Reviewed by J. Chris Fisher, University of Regina, Regina, SKThe appearan
e of \
ro
heting" and \hyperboli
 planes" together in thetitle might seem somewhat in
ongruous, but these are, indeed, the featuredtopi
s in this delightful little book. Taimi �na qui
kly 
onvin
es us that her
ro
heted models promote a deeper understanding of hyperboli
 geometryand of surfa
es in general.Riemann showed that the natural setting for ea
h of the three 
las-si
al plane geometries is a surfa
e of 
onstant 
urvature: the points of theplane are represented by the points of the surfa
e, while the line joining twoof those points be
omes the 
urve between the 
orresponding points thattra
es the shortest distan
e along the surfa
e. The Eu
lidean plane (with itsunique parallel to a given line through a point not on that line) is 
at|ithas zero 
urvature. The ellipti
 plane (in whi
h any two lines must inter-se
t) 
an be represented by a sphere|or, more pre
isely, by a sphere whoseantipodal points are identi�ed; its 
urvature is the re
ipro
al of the squareof the sphere's radius. But, there is a problem with the hyperboli
 plane(in whi
h more than one line through a point will be parallel to a given linenot through that point): a hyperboli
 plane is the geometry of a surfa
e of
onstant negative 
urvature, but Hilbert proved that it is not possible inEu
lidean 3-spa
e to have an equation represent a surfa
e extending inde�-nitely in all dire
tions that has 
onstant negative 
urvature. Hilbert's resultis sometimes misinterpreted as implying that the hyperboli
 plane is too bigto �t in our Eu
lidean world; however, it does �t if you ru�e the surfa
e
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as William Thurston demonstrated in the 1970's with a simple paper model.That model la
ked the 
exibility and durability required for 
lassroom explo-rations, but it inspired the author to 
ro
het a hyperboli
 plane. In 1997 sheused her models to help explain hyperboli
 geometry in a 
lass she taught atCornell, where she is an adjun
t asso
iate professor. That 
lass led to arti-
les in mathemati
al and edu
ational journals, to le
tures, workshops and,eventually, to this book.The author expe
ts that 
ro
heters 
an experien
e some of the ex
ite-ment that 
omes from mathemati
s, while mathemati
ians 
an learn about atool that helps to explore mathemati
al ideas. Consequently, her text avoidste
hni
al de�nitions and pre
ise mathemati
al details. Taimi �na has a kna
kat providing intuitive des
riptions for mathemati
al 
on
epts. She explains,for example, that the 
urvature at a point of a surfa
e 
an be determined bymeasuring the 
ir
umferen
e of a small 
ir
le of radius r 
entred at that point(where, of 
ourse, the radius is measured on the surfa
e): the 
ir
umferen
eis greater than, equal to, or less than 2πr, a

ording as the 
urvature is neg-ative, zero, or positive. As a 
onsequen
e, if you 
atten a disk that is takenfrom a surfa
e of positive 
urvature, for example the peel of an orange, sothat it lies in a plane, it splits apart and 
overs less area than the plane diskof the same radius; for negative 
urvature, loose-leafed lettu
e for example,the surfa
e 
overs more area than the Eu
lidean disk of the same radius, sothat it overlaps itself when 
attened. Among the many pi
tures in the textare examples of surfa
es of negative 
urvature in nature; in fa
t, her modelslook a bit like blossoms or lettu
e heads.Apparently, for the purpose of model building, 
ro
heting has an ad-vantage over knitting by o�ering more 
ontrol over the stit
hes. Dis
laimer:This reviewer was for
ed by time 
onstraints to go against the author's advi
eto 
ro
het his own model. The book provides illustrated instru
tions to leadthe novi
e from his �rst loop to the �nished model, with 
areful explanationson how to ensure that the resulting hand-
rafted obje
t has 
onstant negative
urvature. It 
ertainly sounds easy. Even without a model in hand, the mostinteresting 
hapter for me was \What Can You Learn from Your Model?" Astraight line on any 
exible surfa
e of 
onstant 
urvature is obtained by fold-ing the surfa
e without stret
hing it|think of folding a sheet of paper andobserving the straight line that appears when the sheet is opened. The line
an be marked by weaving a 
oloured strand of yarn along the fold. You 
anthus form a triangle on your hyperboli
 model and observe that the anglesum is less than two right angles. Or you 
an mark a line and a point not onit, and observe that there are two lines through that point, one to the rightand one to the left, that separate those lines through the point that interse
tthe given line from those lines through the point that miss the given line. Itis 
lear that ex
ept for those boundary lines, a line that misses the given linediverges from it both to the right and to the left, while somewhere in be-tween, where the two lines 
ome 
losest to one another, there is a 
ommonperpendi
ular. Indeed, many of the basi
 results of hyperboli
 geometry 
anbe visualized in this way.
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The book devotes three 
hapters to the history of geometry and of 
ro-
heting. These histories were too sket
hy and idiosyn
rati
 for my taste, butthey do serve to provide a ne
essary 
ontext. The �nal 
hapter is somewhatmore su

essful. It des
ribes some of the many ways hyperboli
 geome-try has proved to be useful; beyond mathemati
s and 
omputer s
ien
e areappli
ations to biology, 
hemistry, medi
ine, physi
s, and several other dis-
iplines. One 
hapter investigates other surfa
es of negative 
urvature. Twoexamples: a 
atenoid is the surfa
e obtained by revolving a 
atenary (shapedlike a 
hain hanging from its two �xed ends) about a horizontal axis belowthe 
hain; a heli
oid is a spiral ramp whose boundary is a double helix. Infa
t, these two surfa
es have the same intrinsi
 geometry (in the same waythat the right 
ir
ular 
ylinder and the plane have the same intrinsi
 geome-try); the author demonstrates this remarkable theorem by 
utting her modelof the 
atenoid along one 
atenary and twisting it (without stret
hing) intoa heli
oid and ba
k again. It is amazing how mu
h information has beenpa
ked into this beautifully illustrated book of fewer than 150 pages.

Mathemati
al MindbendersBy Peter Winkler, A.K. Peters, Ltd., 2007ISBN 13: 978-1-56881-336-3, soft
over, 148+x pages, US$24.95Reviewed by Amar Sodhi, Sir Wilfred Grenfell College, Corner Brook, NLMathemati
al Mindbenders is a 
olle
tion of puzzles whi
h should ap-peal to those who enjoy problems of a re
reational bent that require a 
ertaindegree of mathemati
al training. For example, one is asked to determine,without a dire
t 
al
ulation, a solitary missing digit in the nine-digit number
229. In a signi�
antly more diÆ
ult problem, one is asked to determine theminimum area of a polygon having an odd number of sides of unit length.For good measure, Winkler also in
ludes some open problems.The book begins inno
uously with a set of very gentle "Warm-ups"whi
h gives little to suggest that the adje
tive Mathemati
al is needed inthe title. All this 
hanges however when Winkler resorts to "Stret
hing theImagination". Among the eight 
hallenges in this 
hapter is a di
e problem(dating from 1978) due to George Si
herman and the mu
h more re
ent, butquite well known, "Names in Boxes" puzzle. In the former, one is asked to
onstru
t two nonstandard di
e whi
h, as far as the sum is 
on
erned, be-haves as a pair of standard di
e, while the latter requires a strategy to bedeveloped giving the best 
han
e that all 100 people �nd their own namewhen allowed to open up to 50 of 100 boxes 
ontaining these names.Chapter titles su
h as: Numeri
al Conundrums, Two Dimensions andThree, Lines and Graphs, and Games and Strategies 
orre
tly suggest thatthis volume 
ontains many problems that rely on a degree of knowledge indis
rete mathemati
s and geometry, while the 
hapters New Visits to OldFriends and Severe Challenges o�er a sele
tion of familiar but somewhatdiÆ
ult problems. Some su

umb to a trial and error approa
h, but in oth-ers, 
lever 
ounting, skillful use of polynomials and/or generating fun
tions,
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logi
, or indu
tive reasoning may be helpful. The proposed solutions for atleast three of the problems use the Axiom of Choi
e.There are two 
hapters of problems (mostly) devised by Winkler. The�rst one, The Adventures of Ant Ali
e, is a series of probability problems in-volving ants walking either on rods or 
ir
les. This 
hapter is also in
luded inthe re
ently released A Lifetime of Puzzles: A Colle
tion of Puzzles in Honorof Martin Gardner's 90th Birthday. The other 
hapter, A Wordy Digression:The Game of HIPE, is rather intriguing in that it 
ontains no mathemati
swhatsoever. Instead, Winkler introdu
es a word game that he, together withthree other high-s
hool juniors, invented while at a summer program hostedby the National S
ien
e Foundation in 1966.In \HIPE" a player is given a string of 
onse
utive letters (su
h asHIPE). The 
hallenge is to �nd a word that 
ontains the given string. Itmay be unusual to in
lude a 
hapter for wordsmiths, but this just empha-sizes the fa
t that this is a puzzle book aimed at the mathemati
ian or aspir-ing mathemati
ian rather than a mathemati
al puzzle book. Anybody havingany doubts on this s
ore need only go to the �nal 
hapter of the book whereWinkler, rather informally, dis
usses (rather than poses) ten "Unsolved orJust Solved" problems. Among the "just solved" problems is John Conway'sAngel Problem whi
h appeared in Winkler's previous work, Mathemati
alPuzzles: A Connoisseur's Colle
tion.One aspe
t of the book whi
h I did �nd irritating was the way in whi
hWinkler intertwined \Sour
es" with \Solutions". Typi
ally, after ta
kling aproblem, I would go to \sour
es and solutions" at the end of the 
hapter tosee what Winkler had to o�er. Too many times I would have to wade througha
knowledgements, written in a somewhat informal manner, in order to getto the solution on hand. Sometimes the 
larity of the solution su�ered be-
ause of this. There is every reason for Winkler to a
knowledge those whohave sent him problems and many of the sour
es provided allow the readerto dis
over even more puzzles, but this 
ould have been a
hieved in a lessobtrusive fashion. However, this 
riti
ism is somewhat 
hurlish given thepleasure I derived from the book.Winkler, overall, has sele
ted a �ne array of problems from numeroussour
es. There are a few puzzles of either a dubious nature or poorly posed,but with over ninety 
hallenges in the book there is bound to be somethingto please the most demanding puzzle maven. My favourites are those whi
hhave featured in Martin Gardner's long dis
ontinued Mathemati
al Puzzles
olumn in S
ienti�
 Ameri
an. Anyone enjoyingMathemati
al Mindbenderswill surely �nd their own favourites.
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Several Symmetri
 Inequalities ofExponential Kind

Arkady AltIn this arti
le we suggest a general approa
h for proving 
ertain sym-metri
 inequalities of exponential kind in three variables whi
h have ap-peared in print at various times.Theorem 1 Let n, m, p, and q be arbitrary nonnegative real numbers, su
hthat n ≥ m and p ≥ q. Then for any positive real numbers a, b, c thefollowing inequality holds
an+p + bn+p + cn+p

am+q + bm+q + cm+q
≥ an + bn + cn

am + bm + cm
· ap + bp + cp

aq + bq + cq
.Proof: Let σ(x) = σ(x; a, b, c) =

P
y
li
 ax; the inequality then be
omes
σ (n + p)

σ (m + q)
≥ σ (n)

σ (m)
· σ (p)

σ (q)
.The inequality is essentially the same upon swit
hing n and p or m and q, sowe may suppose that n ≥ p and m ≥ q. Then q = min{n, m, p, q}.Sin
e the inequality to be proved is equivalent toσ (n + p) σ (m) σ (q) ≥

σ (m + q) σ (n) σ (p) and we also have
σ (n + p) σ (m) σ (q)

=
X
y
li
 an+p ·

�X
y
li
 am+q +
X
y
li
�ambq + bmaq

��
=

�X
y
li
 an+p

��X
y
li
 am+q

�
+

X
y
li
�an+p + bn+p
��

ambq + bmaq
�

+
X
y
li
 cn+p

�
ambq + bmaq

� ,
with the analogous equality holding for σ (m + q) σ (n) σ (p), it thereforesuÆ
es to prove the following two inequalities:X
y
li
�an+p + bn+p

��
ambq + bmaq

�
≥

X
y
li
�am+q + bm+q
��

anbp + bnap
� ,X
y
li
 cn+p

�
ambq + bmaq

�
≥

X
y
li
 cm+q
�
anbp + bnap

� .
Copyright c© 2009 Canadian Mathemati
al So
ietyCrux Mathemati
orum with Mathemati
al Mayhem, Volume 35, Issue 7
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The �rst inequality above is settled by the following 
al
ulation:X
y
li
�an+p + bn+p

��
ambq + bmaq

�
−

X
y
li
�am+q + bm+q
��

anbp + bnap
�

=
X
y
li
�an+p+mbq + bn+p+maq + ambn+p+q + bman+p+q

− an+m+qbp − bn+m+qap − anbm+p+q − bnam+p+q
�

=
X
y
li
 aqbq

�
an+m+p−q + bn+m+p−q − an+mbp−q − bn+map−q

�
+

X
y
li
 ambm
�
an+p+q−m + bn+p+q−m − ap+qbn−m − bp+qan−m

�
=

X
y
li
 aqbq
�
an+m − bn+m

��
ap−q − bp−q

�
+

X
y
li
 ambm
�
ap+q − bp+q

��
an−m − bn−m

�
≥ 0 .Lastly, sin
eX
y
li
 cn+p

�
ambq + bmaq

�
=

X
y
li
 cq
�
an+pbm + bn+pam

� ;X
y
li
 cm+q
�
anbp + bnap

�
=

X
y
li
 cq
�
am+pbn + bm+pan

� ,the se
ond inequality that remains to be proved now follows immediatelyfrom X
y
li
 cq
�
an+pbm + bn+pam − am+pbn − bm+pan

�
=

X
y
li
 ambmcq
�
an−m+p + bn−m+p − apbn−m − bpan−m

�
=

X
y
li
 ambmcq
�
ap − bp

��
an−m − bn−m

�
≥ 0 .

Corollary 1 Let k be a nonnegative integer and let p ≥ q ≥ 0. Then for anypositive real numbers a, b, and c the following inequality holds
akp + bkp + ckp

akq + bkq + ckq
≥
�

ap + bp + cp

aq + bq + cq

�k .Proof: We set n = kp, m = kq in Theorem 1 to obtain
σ(kp + p)

σ(kq + q)
≥ σ(kp)

σ(kq)
· σ(p)

σ(q)
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and that yields the inequality

σ
�
(k + 1)p

�
σ
�
(k + 1)q

� �σ(p)

σ(q)

�−(k+1)

≥ σ(kp)

σ(kq)

�
σ(p)

σ(q)

�−k ,whi
h implies that
σ(kp)

σ(kq)

�
σ(p)

σ(q)

�−k

≥ σ(1 · p)

σ(1 · q)

�
σ(p)

σ(q)

�−1

= 1 ,and the inequality to be proved now follows.Theorem 2 Let a, b, and c be positive real numbers. Then for any positiveinteger n the fun
tion
Ln(x) = Ln(x; a, b, c) =

an + bn + cn

anx + bnx + cnx

X
y
li
� ax

b + c

�n

is in
reasing in x on (0, ∞).Proof: Let p, q ∈ (0, ∞) and q < p. Due to the homogeneity of Ln(x; a, b, c)with respe
t to a, b, and c, it suÆ
es to prove the assertionwhen a+b+c = 1.Using the expansion 1

(1 − t)n
=

∞P
k=0

�k+n−1
n−1

�
tk we obtain

σ(np)σ(nq)

σ(n)

�
Ln(p) − Ln(q)

�
= σ(nq)

X
y
li
 anp

(1 − a)
n − σ(np)

X
y
li
 anq

(1 − a)
n

= σ(nq)
X
y
li
 ∞X

k=0

�
k + n − 1

n − 1

�
ak+np − σ(np)

X
y
li
 ∞X
k=0

�
k + n − 1

n − 1

�
ak+nq

=
∞X

k=0

�
k + n − 1

n − 1

��
σ(nq)σ(k + np) − σ(np)σ(k + nq)

�
=

∞X
k=0

�
k + n − 1

n − 1

�X
y
li
�ak+npbnq + anqbk+np − ak+nqbnp − anpbk+nq
�

=
∞X

k=0

�
k + n − 1

n − 1

� X
y
li
 anqbnq
�
an(p−q) − bn(p−q)

� �
ak − bk

�
≥ 0 ,

sin
e �an(p−q) − bn(p−q)
� �

ak − bk
�

≥ 0 for any nonnegative integer k.Corollary 2 For any positive real numbers a, b, c, r and any positive numbers
p and q su
h that q < r < p the following inequality holds

1

σ(nq)

X
y
li
� aq

br + cr

�n

≤ 1

σ(nr)

X
y
li
� ar

br + cr

�n

≤ 1

σ(np)

X
y
li
� ap

br + cr

�n .
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Proof: Sin
e Ln

�
x; ar, br, cr

� is in
reasing in x and q < r < p, we have
Ln

�
q

r
; ar, br, cr

�
≤ Ln (1; ar, br, cr) ≤ Ln

�
p

r
; ar, br, cr

� ,whi
h is equivalent to the inequality to be proved.By the results of Corollary 1 and Corollary 2 we obtain su

essively
1

σ(nq)

X
y
li
� aq

br + cr

�n

≤ 1

σ(nr)

X
y
li
� ar

br + cr

�n ;X
y
li
� aq

br + cr

�n

X
y
li
� ar

br + cr

�n ≥ σ(nr)

σ(nq)
≥
�

σ(nr)

σ(nq)

�n ,
and similarly we obtainX
y
li
� ap

br + cr

�n

X
y
li
� ar

br + cr

�n ≥ σ(np)

σ(nr)
≥
�

σ(p)

σ(r)

�n .
It follows that for any positive real numbers a, b, c, r and any positive realnumbers p, q su
h that q < r < p, the following inequality holds

1

σn(q)

X
y
li
� aq

br + cr

�n

≤ 1

σn(r)

X
y
li
� ar

br + cr

�n

≤ 1

σn(p)

X
y
li
� ap

br + cr

�n .
Corollary 3 Let a, b, c be positive real numbers and let

F (x) = F (x; a, b, c) =
a + b + c

ax + bx + cx

X
y
li
 ax + bx

a + b
,

E(x) = E(x; a, b, c) =
1

ax + bx + cx

X
y
li
 a (bx + cx)

b + c
.

Then F (x) and E(x) are ea
h de
reasing on (0, ∞).Proof: We have
L1(x) =

σ(1)

σ(x)

X
y
li
 σ(x)

b + c
− σ(1)

σ(x)

X
y
li
 bx + cx

b + c
=

X
y
li
 a + b + c

b + c
− F (x) ,

hen
e, F (x) is de
reasing on (0, ∞) be
ause L1(x) is in
reasing on (0, ∞)by Theorem 2. Straightforward 
al
ulations show that E(x) = F (x) − 2,hen
e E(x) is also de
reasing on (0, ∞).
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We now apply the pre
eding results to obtain some generalizations ofvarious problems.Problem For any positive real numbers a, b, c, r and any positive real num-bers p, q su
h that q < r < p prove the following inequalities:

1

σ(p)

X
y
li
 ap + bp

ar + br
≤ 3

σ(r)
≤ 1

σ(q)

X
y
li
 aq + bq

ar + br
; (4)

1

σ(p)

X
y
li
 ar
�
bp + cp

�
br + cr

≤ 1 ≤ 1

σ(q)

X
y
li
 ar
�
aq + bq

�
ar + br

. (5)
Solution: We have F (

p

r
; ar, br, cr) ≤ F (1; ar, br, cr) ≤ F (

q

r
; ar, br, cr) byCorollary 2, and sin
e F (1; ar, br, cr) = 3 the �rst inequality follows.Similarly, E(

p

r
; ar, br, cr) ≤ E(1; ar, br, cr) ≤ E(

q

r
; ar, br, cr) andsin
e E(1; ar, br, cr) = 1 the se
ond inequality follows.Inequality (4) is a generalization of the inequality P
y
li
 a2 + b2

a + b
≤ 3σ(2)

σ(1)in [2℄, and also a generalization of the inequality in [3℄.Inequality (5) generalizes the inequality P
y
li
 xp(y + z)

yp + zp
≥ x + y + z,for positive x, y, z, and p > 1, whi
h is Peter Woo's generalization of theinequality in [4℄ (see the 
ommentary on p. 180). Furthermore, by usingthe rightmost relation of Inequality (5) we 
an obtain a generalization of theinequality P
y
li
 aλ+1

bλ + cλ
≥ a + b + c

2
, for λ ≥ 0, suggested by Walther Janousin [4℄ (again, see the 
ommentary on p. 180). Namely: for any positive realnumbers a, b, c, p, and q the following inequality holdsX
y
li
 ap+q

bp + cp
≥ aq + bq + cq

2
. (6)

Proof: The inequality ap+q
�
bq + cq

�
bp+q + cp+q

≤ 2ap+q

bp + cp
holds sin
e simple manipula-tions show that it is equivalent to �bq−cq

��
bp−cp

�
≥ 0, and from inequality(5) it follows that P
y
li
 ap+q

�
bq + cq

�
bp+q + cp+q

≥ aq + bq + cq, hen
e,X
y
li
 ap+q

bp + cp
≥ 1

2

X
y
li
 ap+q (bq + cq)

bp+q + cp+q
≥ aq + bq + cq

2
,

whi
h proves inequality (6).In [1℄ the inequality P
y
li
� c2

a2 + b2

�n

≥ P
y
li
 � c

a + b

�n was suggested.The next theorem o�ers a generalization.
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Theorem 3 Let n be a positive integer and a, b, c be positive real numbers.Then G(x) = Gn(x; a, b, c) =

P
y
li
 � cx

ax + bx

�n is in
reasing on (0, ∞).
Proof: Let p > q > 0 and let Ax =

ax

σ(x)
, Bx =

bx

σ(x)
, and Cx =

cx

σ(x)
.Then we obtain

Gn(p) ≥ Gn(q) ⇐⇒
X
y
li
 An

p

(1 − Ap)n
≥

X
y
li
 An
q

(1 − Aq)n

⇐⇒
X
y
li
 ∞X

k=0

�
k + n − 1

n − 1

�
Ak+n

p ≥
X
y
li
 ∞X

k=0

�
k + n − 1

n − 1

�
Ak+n

q

⇐⇒
∞X

k=1

�
k + n − 1

n − 1

� X
y
li
 Ak+n
p ≥

∞X
k=1

�
k + n − 1

n − 1

� X
y
li
 Ak+n
q

⇐⇒
∞X

k=1

�
k + n − 1

n − 1

�
σ
�
(k + n)p

�
σk+n(p)

≥
∞X

k=1

�
k + n − 1

n − 1

�
σ
�
(k + n)q

�
σk+n(q)

,and the last inequality above holds termwise by the result of Corollary 1.By applying the result of Theorem 3 to the terms of an in�nite serieswe obtain the following 
orollary.Corollary 4 Let h(t) =
∞P

n=0

hntn, where ea
h hn is nonnegative and the series
onverges for t ≥ 0. Then for any positive real numbers a, b, c the fun
tion
Gh(x; a, b, c) =

P
y
li
 h
�

cx

ax + bx

� is in
reasing in x on (0, ∞).Referen
es[1℄ Razvan Satnianu, Problem 11080, Ameri
an Mathemati
al Monthly,Vol. 111, No. 4.[2℄ Nguyen Le Dung, Problem 221.5, \All the best from Vietnamese Prob-lem Solving Journals", The Maths
ope, Feb. 12 (2007) p. 5.[3℄ Arkady Alt, Problem 3300, CRUXMathemati
orum with Mathemati
alMayhem, Vol. 33, No. 8 (2007) p. 489.[4℄ Sefket Arslanagi
, Problem 2927∗, CRUXMathemati
orum with Math-emati
al Mayhem, Vol. 30, No. 3 (2004) p. 172; solution in Vol. 31,No. 3 (2005) pp. 179-180. Arkady Alt1902 Rosswood DriveSan Jose, CA 95124USA
arkady.alt@gmail.com
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PROBLEMSSolutions to problems in this issue should arrive no later than 1 May 2010. Anasterisk (⋆) after a number indi
ates that a problemwas proposed without a solution.Ea
h problem is given in English and Fren
h, the oÆ
ial languages of Canada.In issues 1, 3, 5, and 7, English will pre
ede Fren
h, and in issues 2, 4, 6, and 8,Fren
h will pre
ede English. In the solutions' se
tion, the problem will be stated inthe language of the primary featured solution.The editor thanks Jean-Mar
 Terrier of the University of Montreal for transla-tions of the problems.

3464. Corre
tion. Proposed by Mi
hel Bataille, Rouen, Fran
e.Let ABC be a triangle with ∠A = 90◦ and H be the foot of the altitudefrom A. let J be the point on the hypotenuse BC su
h that CJ = HB andlet K, L be the proje
tions of J onto AB, AC, respe
tively. Prove that
M
�
−2

3
; AK, AL

�
≤ 1

2
M (−2; AB, AC) ,

where M (α; x, y) =
�

xα + yα

2

�1/α.3475. Proposed by Mi
hel Bataille, Rouen, Fran
e.Let ABC be an equilateral triangle with side length a, and let P be apoint on the line BC su
h that AP = 2x > a. Let M be the midpoint of
AP . If BM

x
=

BP

a
= α and CM

x
=

CP

a
= β, �nd x, α, and β.3476. Proposed by Mi
hel Bataille, Rouen, Fran
e.Let ℓ be a line and O be a point not on ℓ. Find the lo
us of the verti
esof the re
tangular hyperbolas 
entred at O and tangent to ℓ. (A hyperbola isre
tangular if its asymptotes are perpendi
ular.)3477. Proposed by Mi
hel Bataille, Rouen, Fran
e.Find all fun
tions f : R → R su
h that

x2y2
�
f(x + y) − f(x) − f(y)

�
= 3(x + y)f(x)f(y)for all real numbers x and y.3478. Proposed by Cao Minh Quang, Nguyen Binh Khiem High S
hool,Vinh Long, Vietnam.Let a and b be positive real numbers. Prove that

a

b
+

b

a
+

Ê
1 +

2ab

a2 + b2
≥ 2 +

√
2 .
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3479. Proposed by Jonathan S
hneider, student, University of TorontoS
hools, Toronto, ON.The real numbers x, y, and z satisfy the system of equations

x2 − x = yz + 1 ,
y2 − y = xz + 1 ,
z2 − z = xy + 1 .Find all solutions (x, y, z) of the system and determine all possible values of

xy + yz + zx + x + y + z where (x, y, z) is a solution of the system.3480. Proposed by Bian
a-Teodora Iorda
he, Carol I National College,Craiova, Romania.Let a1, a2, . . . , an (n ≥ 3) be positive real numbers su
h that
a1 + a2 + · · · + an ≥ a1a2 · · · an

�
1

a1

+
1

a2

+ · · · +
1

an

� .Prove that an
1 + an

2 + · · · + an
n ≥ an−1

1 an−1
2 · · · an−1

n . Find a ne
essary andsuÆ
ient 
ondition for equality to hold.3481. Proposed by Joe Howard, Portales, NM, USA.Let △ABC have at most one angle ex
eeding π

3
. If △ABC has area

F and side lengths a, b, and c, prove that
(ab + bc + ca)2 ≥ 4

√
3 · F

�
a2 + b2 + c2

� .3482. Proposed by Jos �e Luis D��az-Barrero and Josep Rubi �o-Masseg �u,Universitat Polit �e
ni
a de Catalunya, Bar
elona, Spain.Let an 6= 0 and p(z) =
nP

k=0

akzk be a polynomial with 
omplex 
o-eÆ
ients and zeros z1, z2, . . . , zn, su
h that |zk| < R for ea
h k. Provethat
nX

k=1

1È
R2 − |zk|2

≥ 2

R2

����an−1

an

���� .When does equality o

ur?3483. Proposed by Cao Minh Quang, Nguyen Binh Khiem High S
hool,Vinh Long, Vietnam.Letn ≥ 3 be an integer and let x1, x2, . . . , xn be positive real numbers.Prove that�
x1

x2

�n−2

+

�
x2

x3

�n−2

+ · · · +

�
xn

x1

�n−2

≥ x1 + x2 + · · · + xn

n
√

x1x2 · · · xn

.
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3484⋆. Proposed by Juan-Bos
o Romero M�arquez, Universidad deValladolid, Valladolid, Spain.Let N be a positive integer with de
imal expansion N = a1a2 . . . ar,where r is the number of de
imal digits and 0 ≤ ai ≤ 9 for ea
h i, ex
eptfor a1, whi
h must be positive. Let s(N) = a1 + a2 + · · · + ar. Find allpairs (N, p) of positive integers su
h that �s(N)

�p
= s

�
Np

�.3485. Proposed by Dragoljub Milo�sevi�
, Gornji Milanova
, Serbia.Let x, y, z be positive real numbers in the interval [0, 1]. Prove that
x

y + z + 1
+

y

x + z + 1
+

z

x + y + 1
+ (1 − x)(1 − y)(1 − z) ≤ 1 .

3486. Proposed by Pham Huu Du
, Ballajura, Australia.Let a, b, and c be positive real numbers. Prove that
bc

a2 + bc
+

ca

b2 + ca
+

ab

c2 + ab
≤ 1

2
3

Ê
3(a + b + c)

�
1

a
+

1

b
+

1

c

� .
3487⋆. Proposed by Neven Juri�
, Zagreb, Croatia.Does the following hold for every positive integer n?

n−1X
k=0

(−1)k 1

2n − 2k − 1

�
2n − 1

k

�
= (−1)n−1 16n

8n
�2n

n

� .
.................................................................3464. Corre
tion. Propos �e par Mi
hel Bataille, Rouen, Fran
e.Soit ABC un triangle ave
 ∠A = 90◦ et H le pied de la hauteurabaiss �ee de A. Soit J le point sur l'hypot �enuse BC tel que CJ = HB etsoit K, L les proje
tions respe
tives de J sur AB, AC. Montrer que

M
�
−2

3
; AK, AL

�
≤ 1

2
M (−2; AB, AC) ,

o �u M (α; x, y) =
�

xα + yα

2

�1/α.3475. Propos �e par Mi
hel Bataille, Rouen, Fran
e.Soit ABC un triangle �equilat �eral de 
ôt �e a et soit P un point sur ladroite BC tel que AP = 2x > a. Soit M le point milieu de AP .Si BM

x
=

BP

a
= α et CM

x
=

CP

a
= β, trouver x, α et β.
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3476. Propos �e par Mi
hel Bataille, Rouen, Fran
e.Soit ℓ une droite et O un point non sur ℓ. Trouver le lieu des sommetsdes hyperboles re
tangulaires 
entr �ees en O et tangentes �a ℓ. (Une hyperboleest re
tangulaire si ses asymptotes sont perpendi
ulaires.)3477. Propos �e par Mi
hel Bataille, Rouen, Fran
e.Trouver toutes les fon
tions f : R → R telles que

x2y2
�
f(x + y) − f(x) − f(y)

�
= 3(x + y)f(x)f(y)pour tous les nombres r �eels x et y.3478. Propos �e par Cao Minh Quang, Coll �ege Nguyen Binh Khiem, VinhLong, Vietnam.Soit a et b deux nombres r �eels positifs. Montrer que

a

b
+

b

a
+

Ê
1 +

2ab

a2 + b2
≥ 2 +

√
2 .

3479. Propos �e par Jonathan S
hneider, �etudiant, University of TorontoS
hools, Toronto, ON.Les nombres r �eels x, y et z satisfont le syst �eme d' �equations
x2 − x = yz + 1 ,
y2 − y = xz + 1 ,
z2 − z = xy + 1 .Trouver toutes les solutions (x, y, z) du syst �eme et d �eterminer toutes lesvaleurs possibles de xy + yz + zx + x + y + z, o �u (x, y, z) est une solutiondu syst �eme.3480. Propos �e par Bian
a-Teodora Iorda
he, Coll �ege National Carol Ier,Craiova, Roumanie.Soit a1, a2, . . . , an (n ≥ 3) des nombres r �eels positifs tels que

a1 + a2 + · · · + an ≥ a1a2 · · · an

�
1

a1

+
1

a2

+ · · · +
1

an

� .Montrer que an
1 +an

2 +· · ·+an
n ≥ an−1

1 an−1
2 · · · an−1

n . Trouver une 
onditionn �e
essaire et suÆsante pour qu'on ait l' �egalit �e.3481. Propos �e par Joe Howard, Portales, NM, �E-U.Soit ABC un triangle ave
 au plus un angle ex
 �edant π

3
. Si ABC a uneaire de F et des 
ôt �es de longueur a, b et c, montrer que

(ab + bc + ca)2 ≥ 4
√

3 · F
�
a2 + b2 + c2

� .
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3482. Propos �e par Jos �e Luis D��az-Barrero et Josep Rubi �o-Masseg �u,Universit �e Polyte
hnique de Catalogne, Bar
elone, Espagne.Soit an 6= 0 et p(z) =

nP
k=0

akzk un polynôme �a 
oeÆ
ients 
omplexesayant des ra
ines z1, z2, . . . , zn telles que |zk| < R pour 
haque k. Montrerque
nX

k=1

1È
R2 − |zk|2

≥ 2

R2

����an−1

an

���� .Quand a-t-on l' �egalit �e ?3483. Propos �e par Cao Minh Quang, Coll �ege Nguyen Binh Khiem, VinhLong, Vietnam.Soit un entier n ≥ 3 et soit x1, x2, . . . , xn n nombres r �eels positifs.Montrer que�
x1

x2

�n−2

+

�
x2

x3

�n−2

+ · · · +

�
xn

x1

�n−2

≥ x1 + x2 + · · · + xn

n
√

x1x2 · · · xn

.
3484⋆. Propos �e par Juan-Bos
o Romero M�arquez, Universit �e de Valla-dolid, Valladolid, Espagne.Soit N un entier positif dont l' �e
riture d �e
imale est N = a1a2 . . . ar,o �u r est le nombre de 
hi�res d �e
imaux, tous 
ompris entre 0 et 9 sauf a1qui doit être positif. Soit aussi s(N) = a1 + a2 + · · · + ar. Trouver toutesles paires (N, p) d'entiers positifs telles que �s(N)

�p
= s

�
Np

�.3485. Propos �e par Dragoljub Milo�sevi�
, Gornji Milanova
, Serbie.Soit x, y, z des nombres r �eels positifs dans l'intervalle [0, 1]. Montrerque
x

y + z + 1
+

y

x + z + 1
+

z

x + y + 1
+ (1 − x)(1 − y)(1 − z) ≤ 1 .

3486. Propos �e par Pham Huu Du
, Ballajura, Australie.Soit a, b et c trois nombres r �eels positifs. Montrer que
bc

a2 + bc
+

ca

b2 + ca
+

ab

c2 + ab
≤ 1

2
3

Ê
3(a + b + c)

�
1

a
+

1

b
+

1

c

� .
3487⋆. Propos �e par Neven Juri�
, Zagreb, Croatie.L' �egalit �e suivante est-elle valable pour tout entier positif n ?

n−1X
k=0

(−1)k 1

2n − 2k − 1

�
2n − 1

k

�
= (−1)n−1 16n

8n
�2n

n

� .
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SOLUTIONSNo problem is ever permanently 
losed. The editor is always pleasedto 
onsider for publi
ation new solutions or new insights on past problems.We belatedly a
knowledge a 
orre
t solution to #3340 by \Solver X",dedi
ated to the memory of Jim Totten, whi
h we had previously 
lassi�edas in
orre
t. Our apologies.3376. [2008 : 430, 432℄ Proposed by D.J. Smeenk, Zaltbommel, the Neth-erlands.The verti
es of quadrilateral ABCD lie on a 
ir
le. Let K, L, M , and

N be the in
entres of △ABC, △BCD, △CDA, and △DAB, respe
tively.Show that quadrilateral KLMN is a re
tangle.Comment by Fran
is
o Bellot Rosado, I.B. Emilio Ferrari, Valladolid, Spain.This problem has already appeared in Crux. The proof of the resultand the proof of its 
onverse was published together with 
omments andreferen
es in [1980 : 226-230℄.Solutions, 
omments, and other referen
es were sent by GEORGE APOSTOLOPOULOS,Messolonghi, Gree
e; �SEFKET ARSLANAGI �C, University of Sarajevo, Sarajevo, Bosnia andHerzegovina; RICARDO BARROSO CAMPOS, University of Seville, Seville, Spain; MICHELBATAILLE, Rouen, Fran
e; CAO MINH QUANG, Nguyen Binh Khiem High S
hool, VinhLong, Vietnam; CHIP CURTIS, Missouri Southern State University, Joplin, MO, USA; OLIVERGEUPEL, Br �uhl, NRW, Germany; JOHN G. HEUVER, Grande Prairie, AB; WALTHERJANOUS, Ursulinengymnasium, Innsbru
k, Austria; V �ACLAV KONE �CN �Y, Big Rapids, MI, USA;TAICHI MAEKAWA, Takatsuki City, Osaka, Japan; MADHAV R. MODAK, formerly of SirParashurambhau College, Pune, India; DUNG NGUYEN MANH, High S
hool of HUS, Hanoi,Vietnam; JOEL SCHLOSBERG, Bayside, NY, USA; ALBERT STADLER, Herrliberg, Switzerland;PETER Y. WOO, Biola University, La Mirada, CA, USA; and the proposer.Geupel provides the link www.mathlinks.ro/viewtopic.php?t=137589. Janous pro-vides the link http://www.gogeometry.com/problem/p035_incenter_cyclic_quadrilateral.Kone�
n �y and S
hlosberg found a solution at www.cut-the-knot.org/Curriculum/Geometry/

CyclicQuadrilateral.shtml S
hlosberg also gives two other links, forumgeom.fau.edu/

FG2002volume2/FG200223.ps and mathworld.wolfram.com/CyclicQuadrilateral.html.
3377. [2008 : 430, 432℄ Proposed by Toshio Seimiya, Kawasaki, Japan.LetABC be a triangle with∠B = 2∠C. The interior bise
tor of∠BACmeetsBC atD. LetM andN be themidpoints ofAC andBD, respe
tively.Suppose that A, M , D, and N are 
on
y
li
. Prove that ∠BAC = 72◦.Solution by Mi
hel Bataille, Rouen, Fran
e.Wewill use the familiar notations for the elements of the triangleABC.First, we note that from ∠B = 2∠C, we have

b2 = c(c + a) (1)(this has been proven in the April 2006 issue of this journal, [2006 : 159℄).
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It then suÆ
es to prove that a = b, for then we will have B = A, and then

A =
2

5

�
A + A +

A

2

�
=

2

5
(A + B + C) = 72◦ .From DB

c
=

DC

b
=

a

b + c
, we obtain DB =

ac

b + c
and DC =

ab

b + c
, so that

CN =
ab

b + c
+

ac

2(b + c)
=

a(2b + c)

2(b + c)
.Sin
e A, M , D, and N are 
on
y
li
, we have CM · CA = CD · CN , or,after a simple 
al
ulation,

c2b = c
�
a2 − 2b2

�
+ b

�
2a2 − b2

� . (2)The relation (1), rewritten as c2b = b3 − abc, together with (2) yields
c(a − b)(2b + a) = 2b(b − a)(b + a) .Now, if a 6= b, then c < 0, whi
h is impossible. Therefore, a = b, whi
h
ompletes the proof.Also solved by MIGUEL AMENGUAL COVAS, Cala Figuera, Mallor
a, Spain; GEORGEAPOSTOLOPOULOS, Messolonghi, Gree
e; �SEFKET ARSLANAGI �C, University of Sarajevo,Sarajevo, Bosnia and Herzegovina; CHIP CURTIS, Missouri Southern State University, Joplin,MO, USA; OLIVER GEUPEL, Br �uhl, NRW, Germany; JOHN G. HEUVER, Grande Prairie, AB;WALTHER JANOUS, Ursulinengymnasium, Innsbru
k, Austria; V �ACLAV KONE �CN �Y, Big Rapids,MI, USA; KEE-WAI LAU, Hong Kong, China; TAICHI MAEKAWA, Takatsuki City, Osaka,Japan; SOUTHEAST MISSOURI STATE UNIVERSITY MATH CLUB; MADHAV R. MODAK, for-merly of Sir Parashurambhau College, Pune, India; ALBERT STADLER, Herrliberg, Switzerland;HAOHAO WANG and JERZY WOJDYLO, Southeast Missouri State University, Cape Girardeau,Missouri, USA; PETER Y. WOO, Biola University, La Mirada, CA, USA; TITU ZVONARU,Com�ane�sti, Romania; and the proposer.Amengual Covas noted that the relation (1) had already appeared in several other issuesof CRUX, namely, [1976 : 74℄, [1984 : 278℄, and [1996 : 265-267℄.

3378. [2008 : 430, 432℄ Proposed by Mih�aly Ben
ze, Brasov, Romania.Let x, y, and z be positive real numbers. Prove thatX
y
li
 xy

xy + x + y
≤

X
y
li
 x

2x + z
.

Counterexample by George Apostolopoulos, Messolonghi, Gree
e.The inequality is false in general. For example, if x = 2 and y = z = 1,then the inequality be
omes 2

5
+

1

3
+

2

5
≤ 2

5
+

1

4
+

1

3
, or 2

5
<

1

4
, whi
h is
learly false.Also disproved by �SEFKET ARSLANAGI �C, University of Sarajevo, Sarajevo, Bosnia andHerzegovina; MICHEL BATAILLE, Rouen, Fran
e; CHIP CURTIS, Missouri Southern State
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University, Joplin, MO, USA; OLIVER GEUPEL, Br �uhl, NRW, Germany; WALTHER JANOUS,Ursulinengymnasium, Innsbru
k, Austria; RICHARD I. HESS, Ran
ho Palos Verdes, CA, USA;PAOLO PERFETTI, Dipartimento di Matemati
a, Universit �a degli studi di Tor Vergata Roma,Rome, Italy; STAN WAGON, Ma
alester College, St. Paul, MN, USA; and TITU ZVONARU,Com�ane�sti, Romania.Let f(x, y, z) =

P
y
li
 x

2x + z
−
P
y
li
 xy

xy + x + y
. Then Curtis showed that

f(x, x, x) < 0 for all x > 1. Perfetti showed that, in general, f(x, y, z) < 0 if x, y, zall lie in (1, ∞), while f(x, y, z) ≥ 0 if x, y, z all lie in (0,1].Janous reports that a similar inequality, P
y
li
 xy

xy + x2 + y2
≤
P
y
li
 x

2x + z
, where

x, y, z are positive, was problem 4 of the 2009 Mediterranean Mathemati
s Competition.
3379. [2008 : 430, 433℄ Proposed by Mih�aly Ben
ze, Brasov, Romania.Let a1, a2, . . . , an be positive real numbers. Prove that

nX
i=1

ai

ai + (n − 1)ai+1

≥ 1 ,where the subs
ripts are taken modulo n.Solution by Mi
hel Bataille, Rouen, Fran
e.Set xi =
(n − 1)ai+1

ai
for ea
h i; the problem is then to prove that

nX
i=1

1

1 + xi
≥ 1 (1)subje
t to the 
onstraint x1x2 · · · xn = (n − 1)n.Let yi =

1

1 + xi
for ea
h i, so that xi =

1 − yi

yi
.Suppose on the 
ontrary that nP

i=1

yi < 1. Then 1 −
nP

i=1

yi > 0, andhen
e for ea
h i we have by the AM{GM Inequality that
1 − yi >

X
j 6=i

yj ≥ (n − 1)

�Y
j 6=i

yj

� 1

n−1 . (2)
Multiplying a
ross the inequalities in (2) over all i, we then obtain

nY
i=1

(1 − yi) > (n − 1)n
nY

i=1

yi ,
or nQ

i=1

�
1−yi

yi

�
> (n − 1)n, whi
h violates the 
onstraint on x1, x2, . . . , xn.This 
ontradi
tion establishes (1), and we are done.
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Also solved by ARKADY ALT, San Jose, CA, USA; GEORGE APOSTOLOPOULOS,Messolonghi, Gree
e; CAO MINH QUANG, Nguyen Binh Khiem High S
hool, Vinh Long,Vietnam; CHIP CURTIS, Missouri Southern State University, Joplin, MO, USA; OLIVERGEUPEL, Br �uhl, NRW, Germany; JOHN G. HEUVER, Grande Prairie, AB; WALTHER JANOUS,Ursulinengymnasium, Innsbru
k, Austria; SALEM MALIKI �C, student, Sarajevo College,Sarajevo, Bosnia and Herzegovina; DUNG NGUYEN MANH, High S
hool of HUS, Hanoi,Vietnam; CRISTINEL MORTICI, Valahia University of Târgovi�ste, Romania; PAOLO PERFETTI,Dipartimento di Matemati
a, Universit �a degli studi di Tor Vergata Roma, Rome, Italy; ALBERTSTADLER, Herrliberg, Switzerland; PETER Y. WOO, Biola University, La Mirada, CA, USA; andthe proposer.For positive α Janous proved the generalization

nX
i=1

ai

ai + αai+1
≥ min

n
n

1 + α
,1

o .
3380. [2008 : 430, 433℄ Proposed by Mih�aly Ben
ze, Brasov, Romania.Let a, b, c, x, y, and z be real numbers. Show that
(a2 + x2)(b2 + y2)

(c2 + z2)(a − b)2
+

(b2 + y2)(c2 + z2)

(a2 + x2)(b − c)2
+

(c2 + z2)(a2 + x2)

(b2 + y2)(c − a)2

≥ a2 + x2

|(a − b)(a − c)| +
b2 + y2

|(b − a)(b − c)| +
c2 + z2

|(c − a)(c − b)| .Similar solutions by Arkady Alt, San Jose, CA, USA; and Mi
hel Bataille,Rouen, Fran
e.Let
u =

Ê
(a2 + x2)(b2 + y2)

(c2 + z2)(a − b)2
; v =

Ê
(b2 + y2)(c2 + z2)

(a2 + x2)(b − c)2
;

w =

Ê
(c2 + z2)(a2 + x2)

(b2 + y2)(c − a)2
.Then

uv =

Ê
(b2 + y2)2

(a − b)2(b − c)2
=

b2 + y2

|(a − b)(b − c)| ,and similarly
uw =

a2 + x2

|(a − b)(c − a)| ; vw =
c2 + z2

|(b − c)(c − a)| .The original inequality now follows from the well-known inequality
u2 + v2 + w2 ≥ uv + uw + vw .Also solved by GEORGE APOSTOLOPOULOS, Messolonghi, Gree
e; �SEFKETARSLANAGI �C, University of Sarajevo, Sarajevo, Bosnia and Herzegovina; CHIP CURTIS,
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Missouri Southern State University, Joplin, MO, USA; OLIVER GEUPEL, Br �uhl, NRW,Germany; WALTHER JANOUS, Ursulinengymnasium, Innsbru
k, Austria; SALEM MALIKI �C,student, Sarajevo College, Sarajevo, Bosnia and Herzegovina; DUNG NGUYEN MANH, HighS
hool of HUS, Hanoi, Vietnam; PAOLO PERFETTI, Dipartimento di Matemati
a, Universit �adegli studi di Tor Vergata Roma, Rome, Italy; CAO MINH QUANG, Nguyen Binh Khiem HighS
hool, Vinh Long, Vietnam; TITU ZVONARU, Com�ane�sti, Romania; and the proposer.
3381⋆. [2008 : 431, 433℄ Proposed by Shi Changwei, Xi�an City, ShaanXi Provin
e, China.Let n be a positive integer. Prove that(a) �1 − 1

6

� �
1 − 1

62

�
· · ·
�
1 − 1

6n

�
>

4

5
;(b) Let an = aqn, where 0 < a < 1 and 0 < q < 1. Evaluate

lim
n→∞

nY
i=1

(1 − ai) .
Solution to part (a) by Peter Y. Woo, Biola University, La Mirada, CA, USA.We have (1 − aq)

�
1 − aq2

�
> 1 − a

�
q + q2

�. In general, if we knowthat nQ
k=1

�
1 − aqk

�
> 1 −

nP
k=1

aqk holds for some n ≥ 2, then
n+1Y
k=1

�
1 − aqk

�
>

�
1 − aqn+1

� 
1 −

nX
k=1

aqk

!
= 1 −

n+1X
k=1

aqk + aqn+1

 
nX

k=1

aqk

!
> 1 −

n+1X
k=1

aqk .
By indu
tion, the inequality holds for ea
h n ≥ 2, and furthermore we have

nQ
k=1

�
1 − aqk

�
> 1 −

nP
k=1

aqk > 1 − aq

(1 − q)
. Taking a = 1 and q =

1

6
yields�

1 − 1

6

� �
1 − 1

62

�
· · ·
�
1 − 1

6n

�
> 1 − 1

5
=

4

5
.Also solved by ARKADY ALT, San Jose, CA, USA (part (a)); GEORGE APOSTOLOPOULOS,Messolonghi, Gree
e (part (a)); PAUL BRACKEN, University of Texas, Edinburg, TX, USA;OLIVER GEUPEL, Br �uhl, NRW, Germany; RICHARD I. HESS, Ran
ho Palos Verdes, CA, USA(part (a)); WALTHER JANOUS, Ursulinengymnasium, Innsbru
k, Austria; ALBERT STADLER,Herrliberg, Switzerland; and STANWAGON, Ma
alester College, St. Paul, MN, USA. There wasone in
orre
t solution to part (b) submitted.Although it is a fundamental problem to evaluate the limit in part (b), there appears tobe no simple way to tame this in�nite produ
t.
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Bra
ken notes that the produ
t is related to Ramanujan's q-extension of the Gammafun
tion, the 
ustomary notations being (a; q)k = (1 − a)(1 − aq) · · ·

�
1 − aqk−1

� and
(a; q)∞ =

∞Q
k=0

�
1 − aqk

�. The q-binomial theorem implies that for |x| < 1, |q| < 1 we have
1

(a;q)∞

=
∞P

n=0

xn

(q;q)n
, whi
h leads to an expression for the required produ
t.Geupel gives the expansion

∞Y
k=1

�
1 − qk

�
=

1
√

3
· 1

24
√

q
· ϑ2

�π

6
, 6

√
q
� ,where ϑ2 is a Ja
obi theta fun
tion. For further information he refers to the online survey

http://mathworld.wolfram.com/q-PochhammerSymbol.html.Stadler provided six di�erent expansions related to the required produ
t, one involvingthe Dedekind eta fun
tion and the others due to Euler and Ja
obi. He refers the interestedreader to Marvin I. Knopp, Modular Fun
tions in Analyti
 Number Theory (2nd ed.), Chelsea,New York (2003).Wagon also refers to the Wolfram website, as well as B. Gordon and R.J. M
Intosh,\Some Eighth Order Mo
k Theta Fun
tions", J. London Math. So
. 62, pp. 321-335 (2000).There is given the asymptoti
 estimate (q; q)∞ =
p

π
t

exp
�

t
12

− π2

12t

�
+o(1); t = −1

2
ln q,whi
h yields a value for (1/6; 1/6)∞ that is within 2 · 10−10 of the true value.

3382. [2008 : 431, 433℄ Proposed by Jos �e Luis D��az-Barrero and JosepRubi �o-Masseg �u, Universitat Polit �e
ni
a de Catalunya, Bar
elona, Spain.Let n be a positive integer. Prove that
sin

�
Pn+2

4PnPn+1

�
+ cos

�
Pn+2

4PnPn+1

�
<

3

2
sec

�
3Pn + 2Pn−1

4PnPn+1

� ,where Pn is the nth Pell number, whi
h is de�ned by P0 = 0, P1 = 1, and
Pn = 2Pn−1 + Pn−2 for n ≥ 2.Solution by Oliver Geupel, Br �uhl, NRW, Germany.For all real numbers x and y with 0 < y <

π

2
, we have

sin x + cos x =
√

2 sin
�
x +

π

4

�
≤

√
2 <

3

2
≤ 3

2
sec y .Setting x =

Pn+2

4PnPn+1
and y =

3Pn + 2Pn−1

4PnPn+1
gives the desired result, if we
an show that 0 < y <

π

2
.Be
ause the Pell numbers form a stri
tly in
reasing sequen
e, we obtainfor positive n that

0 <
3Pn + 2Pn−1

4PnPn+1

<
5Pn

4P 2
n

≤ 5

4
<

π

2
,whi
h 
ompletes the proof.
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Also solved by ARKADY ALT, San Jose, CA, USA; GEORGE APOSTOLOPOULOS,Messolonghi, Gree
e; �SEFKET ARSLANAGI �C, University of Sarajevo, Sarajevo, Bosnia andHerzegovina; MICHEL BATAILLE, Rouen, Fran
e; CHIP CURTIS, Missouri Southern StateUniversity, Joplin, MO, USA; WALTHER JANOUS, Ursulinengymnasium, Innsbru
k, Austria;SALEM MALIKI �C, student, Sarajevo College, Sarajevo, Bosnia and Herzegovina; ALBERTSTADLER, Herrliberg, Switzerland; PETER Y. WOO, Biola University, La Mirada, CA, USA;TITU ZVONARU, Com�ane�sti, Romania; and the proposers.It is 
lear from the featured solution that on the right side of the inequality 3

2

an berepla
ed by the smaller 
oeÆ
ient √

2.
3383. [2008 : 431, 433℄ Proposed by Mi
hel Bataille, Rouen, Fran
e.Let ABC be a triangle with ∠BAC 6= 90◦, let O be its 
ir
um
entreand let M be the midpoint of BC. Let P be a point on the ray MA su
hthat ∠BPC = 180◦ − ∠BAC. Let BP meet AC at E and let CP meet ABat F . If D is the proje
tion of the midpoint of EF onto BC, show that(a) AD is a symmedian of △ABC;(b) O, P , and the ortho
entre of △EDF are 
ollinear.A 
omposite of solutions by Madhav R. Modak, formerly of Sir Parashu-rambhau College, Pune, India and the proposer.We �rst show that there is a unique point P on the ray MA su
h that
∠BPC = 180◦ −∠BAC, and P 
an be 
onstru
ted by extending the median
AM to where it meets the 
ir
um
ir
le Γ of △ABC at P ′. Claim: The linethrough B parallel to P ′C meets AM at P and AC at E. To see this, notethat△PBM ∼= △P ′CM (BM = MC and 
orresponding angles are equal),when
e PBP ′C is a parallelogram. It follows that ∠BPC = ∠CP ′B. But
P ′, A lie on opposite ar
s BC of Γ, so ∠BPC =∠CP ′B =180◦ − ∠BAC,when
e P is the unique point on the ray MA that forms the required angle.Moreover, sin
e ∠BAC 6= 90◦, P is di�erent from A. The homothety with
entre A that takesP ′ toP will takeC toE, B to F , and Γ to the 
ir
um
ir
le
Γ′ of the quadrilateral AFPE. Note that EF is parallel to BC; its midpoint,
all it N , lies on AP .We turn now to part (a). Sin
e AP and FE interse
t at N , by the
lassi
al 
onstru
tion N is the pole of the line BC with respe
t to Γ′ (be
ause
B and C are the diagonal points other than N of quadrilateral AFPE). Thepolar of D, therefore, passes through N and, sin
e DN passes through the
entre of Γ′ and is perpendi
ular to EF , this polar is a
tually EF . As aresult, DE and DF are tangent to Γ′ at E and F . It follows that AD isthe symmedian from A in △EAF . (See, for example, Roger A. Johnson,Advan
ed Eu
lidean Geometry, (Dover, 2007), page 215, no. 347, or NathanAltshiller Court, College Geometry, (Dover, 2007), page 248, Theorem 560.)The result in (a) follows sin
e △BAC and △FAE are homotheti
. For part(b) note that the homothety that takes the 
ir
le BAC (namely Γ) to FAE(namely Γ′) will take OB to the radius of Γ′ through F ; sin
e DF is the
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tangent at F , its preimage is tangent to Γ atB, and is therefore perpendi
ularto OB. We 
on
lude that OB ⊥ DF . Similarly, OC ⊥ DE. Let H ′ denotethe ortho
entre of △EDF . The homothety with 
entre P that takes B to Ewill take C to F . Sin
e OB‖H ′E and OC‖H ′F , this homothety must take
O to H ′, when
e H ′, P , and O are 
ollinear, whi
h 
ompletes the proof ofpart (b).Also solved by CHIP CURTIS, Missouri Southern State University, Joplin, MO, USA;OLIVER GEUPEL, Br �uhl, NRW, Germany; and PETER Y. WOO, Biola University, La Mirada,CA, USA.All the submitted solutions ex
ept Bataille's were based on the property that AD is asymmedian of △ABC if and only if D divides the side BC in the ratio c2 : b2 (Court, page248, Theorem 561).
3384. [2008 : 431, 434℄ Proposed by Mi
hel Bataille, Rouen, Fran
e.Show that, for any real number x,

lim
n→∞

1

n2

n−1X
k=1

k ·
�
x +

n − k − 1

n

�
=

⌊x⌋ + {x}2

2
,

where ⌊a⌋ is the integer part of the real number a and {a} = a − ⌊a⌋.Solution by Ri
hard I. Hess, Ran
ho Palos Verdes, CA, USA.Let Tn =
n−1P
k=1

k ·
j
x +

n − k − 1

n

k. Given an integer n ≥ 2, let m bethe unique integer su
h that m

n
≤ {x} <

m + 1

n
. Note that m = m(n) is afun
tion ofn, and that m

n
→ {x} asn → ∞ sin
e ���{x} − m

n

��� <
1

n
. Now, the�rstm−1 terms of Tn are �⌊x⌋+1

��
1+2+· · ·+(m−1)

�, and the �nal n−mterms of Tn are ⌊x⌋
�
m+(m+1)+ · · ·+(n−1)

�. Colle
t all terms involving
⌊x⌋ and 
lose the sums to obtain 1

n2
Tn =

1

2
⌊x⌋

�
n − 1

n

�
+

1

2

�
m

n

� �
m − 1

n

�;it then follows that 1

n2
Tn → 1

2

�⌊x⌋ + {x}2
� as n → ∞.Also solved by ARKADY ALT, San Jose, CA, USA; CHIP CURTIS, Missouri Southern StateUniversity, Joplin, MO, USA; OLIVER GEUPEL, Br �uhl, NRW, Germany; WALTHER JANOUS,Ursulinengymnasium, Innsbru
k, Austria; MISSOURI STATEUNIVERSITY PROBLEM SOLVINGGROUP, Spring�eld, MO, USA; JOEL SCHLOSBERG, Bayside, NY, USA; ALBERT STADLER,Herrliberg, Switzerland; and the proposer.TheMissouri State University Problem Solving Group redu
ed the problem to 
al
ulatingR 1

0
y⌊x + 1 − y⌋dy by noting that the required limit is the limit of a Riemann sum for theintegrand on [0,1] plus a term that vanishes as n → ∞.
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3385. [2008 : 431, 434℄ Proposed by Mi
hel Bataille, Rouen, Fran
e.Let p1, p2, . . . , p6 be primes with pk+1 = 2pk + 1 for k = 1, 2, . . . , 5.Show that X

1≤i<j≤6

pipjis divisible by 15.A 
omposite of similar solutions by �Sefket Arslanagi �
, University of Sarajevo,Sarajevo, Bosnia andHerzegovina; Chip Curtis, Missouri Southern State Uni-versity, Joplin, MO, USA; Cristinel Morti
i, Valahia University of Târgovi�ste,Romania; and Titu Zvonaru, Com�ane�sti, Romania.If p1 = 3, then p2 = 7 and p3 = 15, when
e p3 is not prime and,therefore, our sequen
e 
annot begin with the prime p1 = 3. Nor 
an itbegin with p1 ≡ 1 (mod 3), otherwise we would have p2 ≡ 0 (mod 3), sothat p2 
ould not be prime. We 
on
lude that ne
essarily, p1 ≡ −1 (mod 3),and hen
e that pi ≡ −1 (mod 3) for ea
h pi. The resulting sum satis�esX
1≤i<j≤6

pipj ≡
X

1≤i<j≤6

(−1)2 ≡
�
6

2

�
≡ 0 (mod 3) .

Similarly, working modulo 5, we see that(a) If p1 = 5, then p5 ≡ 0 (mod 5) and is not prime.(b) If p1 ≡ 1 (mod 5), then p4 ≡ 0 (mod 5) and is not prime.(
) If p1 ≡ 2 (mod 5), then p6 ≡ 0 (mod 5) and is not prime.(d) If p1 ≡ 3 (mod 5), then p3 ≡ 0 (mod 5) and is not prime.On
e again, the only possible value for pi is −1 (mod 5), when
eX
1≤i<j≤6

pipj ≡
X

1≤i<j≤6

(−1)2 ≡
�
6

2

�
≡ 0 (mod 5) .

We have seen that the sum is divisible by 3 and by 5, and thus by 15 as
laimed. Finally, we note that the result is not va
uously true: 89, 179, 359,
719, 1439, 2879 is an example of su
h a sequen
e (and is easily seen to bethe smallest example).Also solved by OLIVER GEUPEL, Br �uhl, NRW, Germany; RICHARD I. HESS, Ran
hoPalos Verdes, CA, USA; WALTHER JANOUS, Ursulinengymnasium, Innsbru
k, Austria; DAVIDE. MANES, SUNY at Oneonta, Oneonta, NY, USA; JOEL SCHLOSBERG, Bayside, NY, USA;ROBERT P. SEALY, Mount Allison University, Sa
kville, NB; ALBERT STADLER, Herrliberg,Switzerland; PETER Y. WOO, Biola University, La Mirada, CA, USA; and the proposer.Manes points out that a prime p is 
alled a Sophie Germain prime if 2p + 1 is also aprime; moreover, a sequen
e of n −1 Sophie Germain primes, p, 2p + 1, 2(2p + 1) + 1, . . . ,that 
annot be extended in either dire
tion (that is, the �rst prime is not of the form 2q + 1for q a prime, while the �nal prime of the sequen
e is not a Sophie Germain prime) is 
alled aCunningham 
hain of the �rst kind of length n. Aside from the Cunningham 
hain of length 5that begins with 2 (namely, 2, 5, 11, 23, 47), the �nal digit of any prime in a Cunningham 
hainof length four or greater must be a 9 (be
ause the �nal digit 
y
les 1, 3, 7, 5, . . . ). A

ording
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to the Cunningham Chain Re
ords web page, the longest known Cunningham 
hain of the �rstkind has length 17.On a related note, 
ompare Problem 10 on the Mathemati
al Competition Balti
 Way2004 [2008 : 212; 2009 : 153℄ where one is asked to prove a result implying that a Cunningham
hain 
an never be in�nite.
3386. [2008 : 432, 434℄ Proposed by Ovidiu Furdui, Campia Turzii, Cluj,Romania.Evaluate the integralZ ∞

0
e−x

�Z x

0

e−t − 1

t
dt

�
ln x dx .

Solution by Walther Janous, Ursulinengymnasium, Innsbru
k, Austria andGerhard Kir
hner, University of Innsbru
k, Innsbru
k, Austria.We will use the fa
t that ∞P
n=1

(−1)n

n
= − ln 2 and ∞P

n=1

(−1)n

n2
= −π2

12
.Also, from the produ
t representation of the Gamma fun
tion, we have

1

Γ(x)
= xeγx

∞Y
k=1

�
1 +

x

k

�
e−x/k

=⇒ −Γ′(x)

Γ(x)
=

1

x
+ γ +

∞X
k=1

�
1

x + k
− 1

k

�
=⇒ −Γ′(n + 1)

Γ(n + 1)
=

1

n + 1
+ γ +

∞X
k=1

�
1

n + 1 + k
− 1

k

�
= γ −

�
1 +

1

2
+

1

3
+ · · · +

1

n

� ,where γ is Euler's 
onstant. [Ed. For properties of the Gamma fun
tion see
http://en.wikipedia.org/wiki/Gamma_function.℄We now 
omputeZ ∞

0
e−x

�Z x

0

e−t − 1

t
dt

�
ln x dx

=

Z ∞

0
e−x

 Z x

0

∞X
n=1

(−1)n

n!
tn−1 dt

!
ln x dx

=

Z ∞

0
e−x ln x

∞X
n=1

(−1)n

n!

xn

n
dx =

∞X
n=1

(−1)n

n · n!

Z ∞

0
e−xxn ln x dx

=
∞X

n=1

(−1)n

n
· Γ′(n + 1)

Γ(n + 1)
=

∞X
n=1

(−1)n

n

 
−γ +

nX
k=1

1

k

!
= γ ln 2 +

∞X
n=1

(−1)n

n

nX
k=1

1

k
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= γ ln 2 +

Z 1

0

Z 1

0

∞X
n=1

(−1)nxn−1
nX

k=1

yk−1 dxdy

= γ ln 2 +

Z 1

0

Z 1

0

∞X
n=1

(−1)nxn−1 yn − 1

y − 1
dxdy

= γ ln 2 +

Z 1

0

Z 1

0

−y

1 + xy
+

1

1 + x

y − 1
dxdy

= γ ln 2 −
Z 1

0

�Z 1

0

1

(1 + xy)(1 + x)
dy

�
dx = γ ln 2 −

Z 1

0

ln(1 + x)

x(1 + x)
dx

= γ ln 2 −
Z 1

0
ln(1 + x)

�
1

x
− 1

1 + x

�
dx

= γ ln 2 −
Z 1

0

ln(1 + x)

x
dx +

1

2
ln2 2

= γ ln 2 +
1

2
ln2 2 +

∞X
n=1

Z 1

0

(−1)n

n
xn−1 dx

= γ ln 2 +
1

2
ln2 2 +

∞X
n=1

(−1)n

n2
= γ ln 2 +

1

2
ln2 2 − π2

12
.

Also solved by KEE-WAI LAU, Hong Kong, China; DUNG NGUYEN MANH, High S
hoolof HUS, Hanoi, Vietnam; MADHAV R. MODAK, formerly of Sir Parashurambhau College,Pune, India; MOUBINOOL OMARJEE, Paris, Fran
e; PAOLO PERFETTI, Dipartimento diMatemati
a, Universit �a degli studi di Tor Vergata Roma, Rome, Italy; ALBERT STADLER,Herrliberg, Switzerland; NGUYEN VAN VINH, Belarusian State University, Minsk, Belarus;and the proposer. There were two in
omplete solutions submitted.
3387. [2008 : 432, 434℄ Proposed by Ovidiu Furdui, Campia Turzii, Cluj,Romania.Let k > l ≥ 0 be �xed integers. Find

lim
x→∞

2x
�
ζ(x + k)ζ(x+k) − ζ(x + l)ζ(x+l)

� ,where ζ is the Riemann zeta fun
tion.Similar solutions by Paolo Perfetti, Dipartimento di Matemati
a, Universit �adegli studi di Tor Vergata Roma, Rome, Italy and Albert Stadler, Herrliberg,Switzerland.For real-valued fun
tions f(x) and g(x) de�ned on the interval (1, ∞)the notation f(x) = O
�
g(x)

� will mean that there exists an x0 > 1 and apositive 
onstant C su
h that |f(x)| ≤ C|g(x)| whenever x ≥ x0.
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We have ζ(x) = 1 + 2−x + 3−x +

∞P
k=4

k−x and
1

(x − 1)4x−1
=

Z ∞

4

ds

sx
≤

∞X
k=4

k−x ≤
Z ∞

3

ds

sx
=

1

(x − 1)3x−1
,

hen
e ∞P
k=4

k−x = O
�
3−x

� and ζ(x) = 1 + 2−x + O
�
3−x

�. Moreover,
ζ(x)ζ(x) = exp

��
1 + 2−x + O

�
3−x

��
· ln

�
1 + 2−x + O

�
3−x

���
= exp

��
1 + 2−x + O

�
3−x

��
·
�
2−x + O

�
3−x

���
= exp

�
2−x + O

�
3−x

��
= 1 + 2−x + O

�
3−x

� .Finally, we have
lim

x→∞
2x
�
ζ(x + k)ζ(x+k) − ζ(x + l)ζ(x+l)

�
= lim

x→∞
2x
�
2−x−k − 2−x−l + O

�
3−x

��
= 2−k − 2−l .Also solved by OLIVER GEUPEL, Br �uhl, NRW, Germany; WALTHER JANOUS, Ursulinen-gymnasium, Innsbru
k, Austria; and the proposer.

3388. [2008 : 432, 434℄ Proposed by Paul Bra
ken, University of Texas,Edinburg, TX, USA, in memory of Murray S. Klamkin.For all real x ≥ 1, show that
1

2

√
x − 1 +

(x − 1)2√
x − 1 +

√
x + 1

<
x2

√
x +

√
x + 2

.Solution by Paolo Perfetti, Dipartimento di Matemati
a, Universit �a deglistudi di Tor Vergata Roma, Rome, Italy, modi�ed by the editor.The inequality holds for x = 1, so let x > 1. Sin
e √
x + 1 >

√
x − 1and √

x +
√

x + 2 < 2
√

x + 1 by the 
on
avity of √
x, it suÆ
es to prove

1

2

√
x − 1 +

1

2
(x − 1)3/2 <

x2

2
√

x + 1
, (1)as the right side of (1) is less than the right side of the desired inequalityand the left side of (1) is greater than the left side of the desired inequality.Inequality (1) is su

essively equivalent top

x2 − 1 +
p

x2 − 1(x − 1) < x2 ,
x
p

x2 − 1 < x2 ,p
x2 − 1 < x ,and the last inequality is true. The proof is 
omplete.
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Also solved by GEORGE APOSTOLOPOULOS, Messolonghi, Gree
e; CHIP CURTIS,Missouri Southern State University, Joplin, MO, USA; OLIVER GEUPEL, Br �uhl, NRW, Germany;WALTHER JANOUS, Ursulinengymnasium, Innsbru
k, Austria; RICHARD I. HESS, Ran
hoPalos Verdes, CA, USA; PAOLO PERFETTI, Dipartimento di Matemati
a, Universit �a degli studidi Tor Vergata Roma, Rome, Italy (two solutions); ALBERT STADLER, Herrliberg, Switzerland;PETER Y. WOO, Biola University, LaMirada, CA, USA; and the proposer. One in
orre
t solutionwas submitted.STAN WAGON, Ma
alester College, St. Paul, MN, USA veri�ed the inequality using a
omputer algorithm.
In this small spa
e that remains, we again put out the 
all for moreproblem proposals from our readers in the areas of Geometry, Algebra, Logi
,and Combinatori
s. We have a vast store of interesting inequalities and wewill 
ontinue to pro
ess them and a

ept new ones, but the other areas arewanting!Regarding arti
les, we now have a small ba
klog. This is due to thediligen
e of the Arti
les Editor, James Currie, but also due to the fa
t thatspa
e for arti
les in Crux is extremely limited. For this reason we ask that,if possible, authors with arti
les appearing in Crux wait about 18-20 monthsbefore submitting another manus
ript to Crux. In the meantime, we willgear up and attempt to 
lear the ba
klog in 2010 by running the o

asional96 page issue. V �a
lav Linek
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